INVERSE TRANSMISSION PROBLEMS FOR MAGNETIC SCHRODINGER 

OPERATORS 



KATSIARYNA KRUPCHYK 



" Abstract. This paper is concerned with the study of inverse transmission problems for magnetic 

Schrodinger operators on bounded domains and in all of the Euclidean space, in the self-adjoint case. 
Assuming that the magnetic and electric potentials are known outside of a transparent obstacle, in the 
bounded domain case, we show that the obstacle, the transmission coefficients, as well as the magnetic 
field and electric potential inside the obstacle are uniquely determined from the knowledge of the set of 

ji^ the Cauchy data for the transmission problem, given on an open subset of the boundary of the domain. 

(— H In the case of the transmission scattering problem, we obtain the same conclusion, when the scattering 

amplitude at a fixed frequency is known. The problems studied in this work were proposed in |15j . 



^ 1. Introduction and statement of results 

< 

Let 0, C M", n > 3, be a bounded domain with connected Lipschitz boundary, and let D CC be a 
"j^ bounded open set with Lipschitz boundary such that := 0,\D is connected. Setting also := D, 
^ and letting G W^'°°{D^,M.'^), S L°°(D^,M), we consider the magnetic Schrodinger operators 

n 

^ CA±,g±{x,D^) :=Y^{D^^+Af{x)f+q^{x) 

00 = - A - 2iA^{x) • V - i(V • A^{x)) + {A^{x)f + q^{x), 

where Dx = —idx - Let {u'^,u^) £ H^(D^) x H^{D^) satisfy the magnetic Schrodinger equations 

^ Ca+„+{x,Dx)u^ = m D^, 

T— I ^A-,q-{X,Dx)u =0 m D . 

.J^ Denote by v the almost everywhere defined outer unit normal to dD and to 517. Since An"*" G L?'[D~^) 

^ and An~ S L'^{D~), the traces of the normal derivatives d^W^ a nd d pU~ on dD are well-defined as 

S3 ~ ^ 



elements of H ^/"^{dD), see (27^ Chapter 3] as well as Subsection 2.1 below. In addition to (1.1), we 



require that {u'^,u ) satisfies the following transmission conditions on dD, 

= au^ on dD, 

(1.2) 

{di, + ij4+ • z/)u+ = b{di, + iA • i')u + cu on dD, 

as well as the Dirichlet boundary conditions on the boundary of fi, 

u'^ = g on dQ. (1-3) 

Here a,b £ C^'^(L',M) (the space of C^-functions with Lipschitz gradient in a neighborhood of D), 
c G C{D,M.), and g G H^/'^{dVl). The transmission conditions (1.2) encompass physical models of 



imperfect transmission arising in acoustics, elastodynamics, quantum scattering, and semiconductor 
physics. 



In what follows we shall assume that a,b > in D. Then the Fredholm alternative holds for the 
transmission problem (1.1), (1.2), and (1.3), see Proposition 3.1 below. Let 7 C be an open 
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nonempty subset of the boundary of 0, and let 

C^{A+,q+,A-,q-,a,b,c;D) := {{u+ Ian, {d^ + iA+ ■ iy)u+\^) : 

{u+,u-) G H\D+) X H^{D-) solves (O) , (fOI , supp (n+jaf^) C 7} 



be the set of the Cauchy data for the transmission problem (1.1), (1.2), associated with 7. 



The first inverse problem studied in this paper is as follows. Assume that we are given the bounded 
domain Q C M", the subset 7 C dQ, the magnetic and electric potentials A~^, q~^, and the set 



C^{A^ , A^ , ,a,b,c] D) of the Cauchy data for the transmission problem (1.1), (1.2), associated 
with 7. The problem is whether we can recover the obstacle D, the transmission coefficients a, b, and 
c on dD, as well as the magnetic and electric potentials A~ , q~ in D. 

This problem was proposed in [15j, where the corresponding inverse transmission problem in the 
absence of magnetic potentials was investigated. As it was pointed out in [15], in general one cannot 
hope to recover the transmission coefficients o, b, and c on dD uniquely, since the set of the Cauchy 
data enjoys the following invariance property, 

Cj{A^ , q~^ ,A~ , q~ , a, b, c; D) = Cj{A'^ , q~^ , A~ , q~ , aa, ab, ac; D), (1-4) 

for any a > on D, constant on each connected component of D. 

In the presence of the magnetic potentials there is another gauge transformation that preserves the 
set of the Cauchy data. Namely, for any function -0 G C^'^{D,M.), we have 



Hence, {u^ ,u ) G H^{D^) x H^{D ) satisfies the transmission problem (1.1), (1.2) if and only if 
{u'^,U~), where U~ = e~^^u~, satisfies 

^A+,q+u^ = ^ in Q\D, 
CA-+^ii,q-'U' = ^ in D, 
u+ = ae'^f^U' on dD, 

{dy + iA+ ■v)u+ = e''^{b{dy + i{A- +V^Ij)-v)U- + cU-) on dD. 

Thus, for any function ^ G C'^'^{D,M.) such that '4>\qd = 0, we have 

CT,(^+,g+, A",g",a,6,c;Z)) = , g+ , vl" + Vi),q~ ,a,b,c;D). (1.5) 

Notice that the invariance of the set of the Cauchy data under the gauge transformation A~ 1— )■ A~ + V?/) 
with 'il)\dD = is the standard obstruction to the unique determination of the magnetic potential in 
inverse boundary value problems, see 



In general, the transmission problem (1.1), (1.2), and (1.3) is non-self-adjoint. As we shall see in 
Section [3] below, the self-adjointness of the transmission problem is guaranteed by the assumptions 
that ^=t, q^ are real-valued, and a6 = 1 on D. 

In this paper we shall be concerned with inverse transmission problems in the self-adjoint case. The 
importance of the self-adjoint transmission conditions comes in particular from the fact that they 
assure the continuity of the energy flux of the solution («"'" , n~ ) of the transmission problem along the 
boundary of the obstacle Z?, i.e. 

Im {u+{dy + iA'^ ■ v)u^) = Im {u~{dy + iA~ ■ y)u~) on dD. 



Working with self-adjoint transmission problems, the obstruction (1.4) can be eliminated, as shown 
in the following, first main result of this paper. 

Theorem 1.1. Let Q C M", n > 3, be a bounded domain with connected Lipschitz boundary, and 
Di, D2 CC ^ be bounded open subsets with Lipschitz boundaries such that Q\Dj is connected, j = 1,2. 
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Let A+ £ VFi'°°(rj,M"), q+ £ L°°(17,M), Aj £ VFi'°°(L>j, M"), qj G L°^{Dj,R), aj,bj G C^'\Dj,R), 
and Cj G C{Dj,M), j = 1,2. Assume that aj,bj > on Dj, ajbj = 1 on Dj, and 

aj{x) / 1 for all x G j = 1, 2. 

If 

C^(A+,g+,yl^ , ai, 5i, ci; Di) = C^{A'^ ,q^ ,A^ ,q^ , ^2, ^2, C2; -D2), 
for an open non-empty subset 7 C 50, t/ien 

Z)l = D2 =: i?, 

and 

fli = 02, 61 = 62, ci = C2, on dD. 
Furthermore, if dD is of class C^'^ , there is a function ip G C"'^'^(Z), M), VlsD = 0, such that 

yl2=^r+vv, qi=q2^ D- (1-6) 



we 



In order to recover the obstacle and the transmission coefficients in the proof of Theorem 1.1 
shall follow closely [15J, and use the method of singular solutions for the transmission problem, with 
singularities approaching the boundary of the obstacle. The presence of the magnetic potentials 
complicates the arguments, and we have therefore attempted to give a careful discussion througout. 
When constructing the singular solutions, it becomes essential to assure that the unique solvability 
of the transmission problem can always be achieved by a small perturbation of the boundary of a 
domain. Furthermore, this property is required when establishing some auxiliary Runge type results 
on approximation of solutions of transmission problems in subdomains by solutions in larger domains, 



in Subsection 5.2 We show that this key property is enjoyed by the self-adjoint transmission problem 
in Section [4j through an application of the mini-max principle. 

In the second part of Theorem |l.l[ we assume that the boundary of D is of class C^'^. Indeed, to the 
best of our knowledge, the most general boundary reconstruction result for the tangential component 
of a continuous magnetic potential from the knowledge of the Dirichlet-to-Neumann map has been 
obtained in [H], when the boundary is of class C^. Next, as far as we know, the most general result, in 
the sense of regularity, for inverse boundary value problems for the magnetic Schrodinger operator has 
been proven in [53] making use of [S] , under the assumption that the boundary of the domain D is of 
class C^'^™', the magnetic potential is of class C^'°^(-D), and the electric potential is of class L°°{D). 
Here C^''''(D) stands for the space of Dini continuous functions, see [33]. We have therefore decided to 
avoid considering the issue of getting the minimal regularity assumptions on magnetic potentials and 
on the boundary of D, and will content ourselves with Lipschitz continuous magnetic potentials. The 
minimal regularity of the boundary of D required when working with Lipschitz continuous magnetic 
potentials seems to be C^'^. In particular, this is due to the fact that, in general, a solution to the 
equation {Aj + V-i/') • = on dD will be of class C^'^(D) only when dD is of class C^'^, see [33] 
Lemma 5.81. 



We would like to emphasize that the set of the Cauchy data in Theorem 1.1 can be given on an 
arbitrarily small open non-empty subset of the boundary of 0. This is important from the point of 
view of applications, since in practice, performing measurements on the entire boundary could be 
either impossible or too cost consuming. To the best of our knowledge, the only available result in 
the presence of an obstacle, where the measurements are performed on an arbitrarily small portion of 
the boundary, is the work [15) for the Schrodinger operator without a magnetic potential. When no 
obstacle is present and the electric and magnetic potentials are known near the boundary, it is proven 
in pp, see also [22] , that the knowledge of the Cauchy data on an arbitrarily small part of the boundary 
determines uniquely the magnetic field and the electric potential in the entire domain. Dropping the 
assumption that the potentials are known near the boundary, some fundamental recent progress on 
inverse boundary value problems with partial measurements has been achieved in [H [T] |T7] . 

The second part of the paper is devoted to the inverse scattering problem for the magnetic Schrodinger 
operator in the presence of a transparent obstacle. Here we assume that D C M", n > 3, is a 
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bounded open set with Lipschitz boundary such that M" \ D is connected. Let A'^ G W^'°°{W^,M."'), 
A- e W^''^{D,W), q+ e L°°(M",M), q' £ L°°(L»,M). Assume that A+ and g+ are compactly 
supported. As before, let a,b £ C^'^{D,R), c G C{D,R), be such that a,b > in D and a6 = 1 on D. 

Let A: > 0, ^ G S"~^ := G : |,^| = 1}, and consider the scattering transmission problem, 

{CA+,q+ - k^)u^ = in M" \ 
{CA-,q- -k'^)u' = ^ in D, 
= an^ on dD, 

(1.7) 

+ iA^ ■ v)u^ = b{dy + iA ■ v)u + cu on 
n+(x;e,A;) = e^'^^-« + n+(x;e,A;), 
(5r — ik)uQ = o(r^^"'^"^^/^), as r = |x| — )■ oo. 



As it is shown in Corollary |7.3| b elow, under the assumptions above, the problem (1.7) has a unique 
solution (n+,n-) G Hl^{W \ D) x H^(D). 

It is known that the scattered wave Uq has the following asymptotic behavior, 

^ik\x\ / 1 \ X 

n+(x;e,A:) = a(^,e,A;)^^^^3^ + 0(^^^^^^J, ^ = as |x| ^ oo, 

see [UEO]. The function a{9,^,k) := a{A^ ^q"^ , A^ , ,a,b,c, D; 0,^, k) is called the scattering ampli- 
tude. 

The second inverse problem studied in this paper is as follows. Assume that we are given the scattering 
amplitude a{6, ^, k) for all 0, ^ G and for some fixed A; > 0, as well as the magnetic and electric 
potentials A~^ and The problem is whether this information determines the obstacle D, the 
transmission coefficients a, 6, and c on dD, as well as the magnetic and electric potentials A~, q~ in 
D. In this direction we have the following result, which is a generalization of \15\ Theorem 1.2] and 



Theorem 1.2. Let Di,D2 C M", n > 3, be bounded open sets with Lipschitz boundaries such that 
W\Dj is connected, j = 1,2. Let A+ G T^i'°°(M", M"), q+ G L-^iW^R), Aj G W^'°°{Dj,R''), 
qj G L°°{Dj,R). Assume that A'^ and q~^ are compactly supported. Let aj,bj G C^'^{Dj,R), and 
Cj G C{Dj,R), j = 1,2. Assume that aj,bj > on Dj, ajbj = 1 on Dj, and 

'^ji^) / 1 /'^'^ ^ ^ 9Dj, j = 1, 2. 

// 

a{A'^ , q^ , A]^ , q^ , ai,bi, ci, Di; , k) = a{A^ , q'^ , A^ , q2 , a2,b2, C2, D2; 9 , k) , 
for all 0,^ € S"^"*^ and for some fixed k > 0, then 

Di = D2 =: D, 

and 

ai = 02, bi = 62, ci = C2, on dD. 
Furthermore, if dD is of class C^'"*^, there is a function Tp G C^'^{D,'R.), tplgn = 0, such that 

A2 = A^ + V-i/;, in D, q^ = Q2 ^ ^■ 

The study of inverse obstacle scattering at a fixed frequency has a long tradition, starting with the 
uniqueness proof for the Dirichlet boundary conditions, going back to Schiffer [23], see also [18]. 
Another important technique for the identification of obstacles, applicable to the Neumann and trans- 
mission problems, is the method of singular solutions, developed in |lHll3j. Among further important 
contributions to the circle of questions around inverse transmission obstacle scattering, we should 
mention [181 [191 [311 [39] . See also the review paper [16] and the references given there. 
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The plan of the paper is as follows. After preliminaries in Section [2| the solvability of the transmission 
problem (1.2), and (1.3) in the general non-self-adjoint case is discussed in Section [s] by means 



of a variational approach, convenient here due to the low regularity of the boundary of the obstacle. 
In section |4] we show that in the self-adjoint case, the unique solvability of the transmission problem 
can be achieved by a small perturbation of the boundary of the domain. Section [5] is devoted to the 



solution of the inverse transmission problem on a bounded domain and to the proof of Theorem 1.1 In 
the approach to the reconstruction of the obstacle and of the transmission coefficients, following |15] . 
we use the method of singular solutions for the transmission problem. The task of the reconstruction 



of the obstacle and of the transmission coefficients occupies Subsections 5.1 - 5.4 



Once the obstacle and the transmission coefficients have been recovered, the determination of the 
magnetic and electric potentials inside the obstacle becomes possible. This is the subject of Subsection 



5.5 Proceeding in the spirit of inverse boundary value problems for the magnetic Schrodinger operator, 
in order to exploit a fundamental integral identity, valid inside the obstacle, it becomes essential to 
determine the values of the tangential component of the magnetic potential on the boundary of the 
obstacle. To this end, in Section [6| we adapt the method of [3] of the boundary reconstruction of 
the tangential component of the magnetic potential to our situation, by combining it with an idea 
of [Mj- With the tangential components of the magnetic potential determined, the exploitation of 
the integral identity becomes possible, and using the machinery developed in [TJ [201 EHl ESI EH] for 
inverse boundary value problems for the magnetic Schrodinger operator, we are able to determine the 
magnetic and electric potentials inside the obstacle, up to a natural gauge transformation. 



Section [7] is concerned with the scattering transmission problem. First, in Subsection 7.1, using the 



Lax-Phillips method, we investigate the existence of solutions to the scattering transmission problem in 
the non-self-adjoint case. This discussion generalizes [39], where the case without magnetic potentials 



is treated. In Subsection 7.2, the inverse scattering transmission problem is studied, and following the 



arguments of [15], we show that Theorem 1.2 is implied by Theorem |1.1[ 



In Appendix [Aj we present a unique continuation result for elliptic second order operators from 
Lipschitz boundaries, which is used several times in the main text. Although this result is essentially 
well-known, since it plays an important role in the paper, we give it here for the convenience of the 
reader. Appendix |B] contains some estimates for fundamental solutions of the magnetic Schrodinger 
operator, which are crucial when estimating singular solutions of the transmission problems. Finally, in 
Appendix [C] we provide a brief discussion of asymptotic bounds on some volume and surface integrals, 
required in the reconstruction of the obstacle and of the transmission coefficients in the main text. 



2. PRELIMINARIES 

2.1. Sobolev spaces and traces. Let $7 C M", n > 3, be a bounded open set with Lipschitz 
boundary. Let a £ L°°(r2,M), a > > a.e. in J7, and consider the space 

Ha{n) = {ue H^{n) : div(aV'u) G L'^{n)}, 

which is a Hilbert space, equipped with the norm 

\MH^{n) = Mm{Q) + l|div(aVn)||22(j^^. 

The map u i— {aduu)\Qn is continuous on Ha{n) with values in H~^/'^{dn), see ^Si Theorem 1.21]. We 
have for u G Ha{^), 

\\aduu\\H-i/2^Qf^)<C\\u\\H4n), C > 0. (2.1) 

In this paper, we shall work with a subspace of H^{Q), which contains Ha{0,), for which the trace of 
the normal derivative of u is still well-defined. To introduce this space, we shall need to consider the 
L^-dual of H^{0,), given by 

H-\n) = {/ G i/-i(M") : supp (/) C H}, 
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and II • ||^~i(Q) = II • ||h-i(R")5 see [2?]. Here we use the natural inner product on L'^{Q), 

iu,v)L2m)= / uvdx, u,v£L'^{n). 
Jn 

Remark 2.1. Notice that in general, 

{/ G H-\W) : supp if) C dn} ^ 0. 

Thus, the restriction /|q G D'(ri) does not determine f G H^^{U) uniquely, and therefore, H~^{Q,) 
cannot be imbedded into the space D'{Q). 

The foUowing resuh wih ahow us to define the trace of the normal derivatives of functions from a 
suitable subspace of 

Proposition 2.2. |27l Lemma 4.3] Let Q C M" be a bounded open set with Lipschitz boundary. Let 
u G H^{Vt) and f G H~^{^}) satisfy 

— div(aVti) = / in fi, 
where a G L°°(0,M), a > qq > a.e. in Q. Then there exists g G H^^^'^{dVL) such that 

aVu ■ Vvdx = if, + (a, v\dn)H-i/2^on),Hi/^dQ)^ (2-2) 

for any v G H^{Q). Furthermore, g is uniquely determined by u and f, and we have 

lbll/f-i/2(an) < C{\\u\\hi{q) + 

In what follows we shall write g = {aduu)\Qfi, when the element / G H^^{Q,) is given. In particular, 
when div(aVii) G L'^{Q,), we shall always make the natural choice 

/= (-div(aVu))xn GL2(M«), 

which allows us to recover the standard definition of the trace {aduu)\Qn of a function u G Ha{^)- 
Here xn is the characteristic function of fl. 

In the sequel, we shall also need the following result. 

Proposition 2.3. |27| Theorem 3.20] Let 0, be an open subset o/M". Let v G Cq(M") for some integer 
r >1, and let s G M, |s| < r. If u e H'^iO,), then vu G H%i}) and 

\\vu\\H=(n) < C'r||^^||iy.°°(R")II^IU''{Q)- 
The same conclusion holds with H^{Q) replaced by H^{Q). 

2.2. Magnetic Schrodinger operators. Let ft C M" be a bounded open set with Lipschitz bound- 
ary, and let A G W"i'~(0,C") and q G L°°(J1,C). Let / G H-^{n) and let u G H^Q) satisfy the 
magnetic Schrodinger equation, 

^A,gU = f on O. (2-3) 
Then we have the following first Green formula. 



(2.4) 



(/'■^)i?-i(n)Hi(f7) + ((^^ + ^^"'^)^'^)i?-i/2(an),i^i/2(an) = / Vu-Vvdx 

Jn Jn 
for any v G i^^f^), see ([2^. If /* G H-^{n) and v G H'^{n) satisfies 
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then we also have the following first Green formula, 

+ i f A ■ {vVu — uVv)dx + / {A^ + q)vudx, 
Jn Jn 

for any u G H^{Q,). Hence, 



(2.6) 



for any u,v ^ H^{^), which satisfy the equations (2.3) and (2.5), respectively. In particular, for any 
u,v & H^{Q,) such that Au, Av E L^(r2), we have the second Green formula, 

{CA,qU, f )L2(n) + {{d,y + iA ■ u)u, v)H-i/2^Qn),m/^dn) 

In what follows we shall also work with the operator of the form bCA,qa~^, where a,b ^ C^'^{Q,M.), 
and a, 6 > on n. Let / G H~'^{Q) and let w € H^^fl) satisfy, 

bCA,q{a~^w) = f on fl. 

Writing 

bCA,qia''^w) = - div{ba''^Vw) + (a"^V6 - ba'^iA) ■ Vw 
- div((6Va"^ + a~^biA)w) 

+ (Va-^ -Vb + iA- {a'^Vb - bVa'^) + ba-HA^ + q))w, 
and using ( |2.2[ ), we get the following first Green formula, when v G H^{Q,), 

(/) ^)//-i(f2) = / ba~^Vw -Vvdx + / {a^^Vb — ba^^iA) ■ {Vw)vdx 

+ / (6Va"^ + a'^biA)w • Vvdx 

Jn (2.8) 

+ / {Va-^ -Vb + iA- {a'^Vb - bVa'^) + ba'^{A^ + q))wvdx 
Jn 

- {b{du + iA ■ '^){a-^w),v)H-i/2^9Q)^H^/2(^Q<^y 

For any v G H^(Q) such that Aw, Av £ L^(ri), we have the second Green formula, 

{bCA,q{a~^w),v)L2(^Q) + {b{du + iA ■ ^^)(a"^^i'), t^)/^-i/2(an),//i/2{an) 
= (tu, a~i£3-(6r;))i2(j^) + {w, a'^id^ + • i^)(&?^))//i/2(af^),iy-i/2(9n), 
which is a consequence of ( |2.7| ). 

Finally, notice that A G M^i'°°(ri) can be extended to the whole of M" so that the extension, which 
we denote by the same letter, satisfies A G VF^'°°(M"'). For the existence of such an extension in the 
case of Lipschitz domain Q, we refer to [37i Theorem 5, p. 181]. Also we have A G C'^'^($7). 

3. Direct transmission problem 

Let 0, C M", n > 3, be a bounded open set with Lipschitz boundary, and let D CC be a bounded 
open subset with Lipschitz boundary. We set as before 

D- = D, and D+ = n\D. 
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Let G Tyi'°°(L'±,C"), G L^{D^X), a,b G C^^\D,R), c G C{D,R), /± G H'\D^), go G 
H^/^{dD), gi G H-^/'^{dD), and 5 G H^/^{dVL). Notice that since the boundary of D is merely 
Lipschitz, it is convenient to assume here that the transmission coefficients a and h are defined near 
D, rather than on the boundary dD. This is due to the fact that the C^'^-regularity of a is needed in 
order to eliminate the jump across the interface dD in the solution of the transmission problem, while 
still working with second order differential operators with bounded coefficients. The corresponding 
regularity of the coefficient h is needed for similar purposes, when considering the adjoint transmission 
problem. 

Assume furthermore that a, 6 > on D. For {u^ ,u~) G H^{D~^) x H^{D~), we consider the following 
inhomogeneous transmission problem, 

^A-,q-u' = in D', 

= au^ + g^ on dD^ (3.1) 
{dy + iA^ ■ v)u^ = b{dy + iA~ ■ v)u~ + cu~ + gi on dD, 
= g on 

and the corresponding homogeneous transmission problem, 

^^A+,q+'^^ = in 
Cji^-q-u^ =0 in D^, 

u+ = au' on dD, (3.2) 
{du + iA'^ • v)u^ = b{du + iA^ • v)u^ + cu^ on dD, 
= Q on do.. 



In this paper we shall treat only the Dirichlet boundary conditions on the boundary of 0, and to this 
end we introduce the following subspace of H^{D~^), 

H}{D+) = {n+ G HHD+) : u+\en = 0}. 



Let us now compute the adjoint transmission problem for the problem (3.2). By the second Green 
formula ([2^, for (n+,u-), (w+,v-) G H}{D+) x H^{D-) such that Au^,Av^ G L'^iD^), we get 



(^ 



A~,q^ 



-U ,V )L2(^D-) + {{du+iA ■V)U ,V )H-i/^dD),m/2(dD) 



A-,q- 



')l^{d-) + {u ,{dy + iA ■u)v )//i/2(aD),H-i/2(9D)> 



and 



Adding <\3.3h and (\3Ah, and using the transmission conditions in (3.2), we obtain that 



{^A+,q+U^,V+)L^D+) + i^A-,q-U ,V )l2(D-) 



(n+,£ 



A-,q- 



+ (u , -a{du + iA+ ■ u)v'^ + {d^ + iA ■ v)v + cv^)Hi/'2(dD),H-'^/^(dD) 
+ {idy + iA- 



(3.3) 



(3.4) 
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Thus, the homogeneous adjoint transmission problem for the problem (3.2) is given by 
€^—^^ = in D+, 
in D-, 

V ' = b^^v^ on dD, 



A ,q 



(3.5) 



V ]v 



a {du + iA~ ■ u)v + ca b 



on dD, 



V = on dQ, 
and the inhomogeneous adjoint transmission problem is defined by 

■ft in D+, 
-f:; in D~ , 

= b^^v^ + 50* on dD, 
-1 



(3.6) 



{du + iA+ ■ i^)v'^ = a \du + iA- ■ i^)v~ + ca~'^b~^v' + gu on dD, 
= on d^l. 



In what follows we shall need wq £ H^(D^), which is defined as the unique solution of the following 
Dirichlet problem, 

A^«o = in D+, 
wq = go on dD, 
Wo = g on dQ. 

Then 

\\wo\\m{D+) < (^(115011/^-1/2(90) + Il5ll//i/2(an))' C > 0. 
Next, duWolsD G H^^/'^{dD) is well defined, and (2.1) implies that 

\\duWo\\H--^/2{^dD) < C|ko||//i(£'+) ^ C{\\go\\Hi/-i(dD) + \\9\\m/-i(dQ.))- 



(3.7) 

(3.8) 
(3.9) 



We have the following result concerning the solvability of the transmission problem (3.1). 

Proposition 3.1. Let A^ £ W^'°°{D^,C'^), G L°°(Z)=t,C), a,b £ C^'^(D,R), c G C(D,R). 
Assume that a,b > in D. The transmission problem (3.1) is Fredholm in the sense that there are 
two mutually exclusive possibilities: 



(3.10) 



(i) The homogeneous transmission problem ( |3.2[ ) has only the trivial solution (n+,n ) = (0,0). 
In this case, for every £ H-^{D^), go £ H^/^{dD), gi £ H-^/^{dD) and g £ H^/^{dn), 
the inhomogeneous transmission problem ( |3.1[ ) has a unique solution (n^,n~) £ H^{D^) x 
H^{D~), and 

\W^\\m{D+) + \\u'\\m{D-) < C(||/+||jj_i(^+) + 

+ llfi'0||/fl/2(aB) + Ibl 11^-1/2(01)) + 11511^1/2(9^))- 

Furthermore, for each /± £ H'^iD^), go* £ H^/^{dD), gu £ H-^/^{dD) and g* £ H^/'^{dn), 
the inhomogeneous adjoint problem ( |3.6[ ) has a unique solution {v~^, v~) £ H^{D^) x H^{D~). 

(ii) The homogeneous transmission problem (3.2) has exactly p linearly independent solutions for 
somep > 1. In this case, the homogeneous adjoint transmission problem ( |3.5| ) has exactly p lin- 
early independent solutions {Vj',v~) £ H^{D^) x H^[D~), 1 < j < p, and the inhomogeneous 
transmission problem ( |3.1| ) is solvable if and only if 

(/^i ^/)5-i(D+),Hi(D+) + ^f ' )5-i(D-),_ffi(D-) 

+ {2iA+ ■ Vwo + (i(V • A+) - {A+f - q+)wo,vpH-HD+),HHD+) 
- {gi - d^wo - iA+ ■ i^go,Vj')H~i/2(^gD),m/2{dD) = 0> 1 < J < P- 
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Here wq £ H^{D^) is the solution of the Dirichlet problem (3.7). Furthermore, a solution 
{u'^,u~) G H^{D^) X H^{D^) of (3.1) satisfies the following a priori estimate, 



\m{D+) + \\u \\m{D-) < C(ll/ 



+lls'i||//-i/2(aD) + lbll/fi/2(an) + \\u'^\\l'2{d+) + ll'" \\l^{d-))- 



(3.11) 



The remainder of this section will be devoted to the proof of Proposition 3.1 Let us first rewrite 
the transmission problem (3.1) by making the substitution = a~^w~, in order to eliminate the 
coefficient a in the first transmission condition. We also multiply the second equation of (3.1 ) by 6, in 
order to take into account the second transmission condition in (3.1 ), when using the Green formulae. 
We get 



in D- 



bCA-,q-{a'^w') = bf' 

= + qq on dD, 
{dy + iA^ ■ v)u^ = h{dv + iA~ ■ v){a~^w~) + ca~^w~ + gi on dD, 
= g on dVL. 

Notice that bf" is well-defined as an element of H^^{D^) by Proposition 

ii+ — wq, where wq G H^{D^) is the solution of the Dirichlet problem (3.7), we obtain 

^A+,,+ «^+ = 7+ + /+ in D+, 
bCj^- q-{a^^w^) = hf^ in D~ ^ 
= w~ on dD, 



2.3 



Setting w 
that 



(3.12) 



Here 



{d„ + iA^ ■ i')w^ = b{dy + iA ■ i'){a -^w ) + ca + gi on dD, 
= on do,. 

7+ = -CA+,q+wo = 2iA+ • Vwo + {i{V • A+) - {A+f - q+)wo G L\D+] 
gi=gi- d,wo - iA+ • i^go G R-'/^dD). 



(3.13) 
(3.14) 



We shall now discuss the variational formulation of the transmission problem (3.12). To that end, let 
us introduce the following sesquilinear form, associated with the operator „+ in the transmission 



(3.15) 



problem (3.12), cf. the first Green formula ( |2.4[ ), 
^+ :H'AD+)xH}{D+)^C, 



Vw^ ■ Vv+dx + i yl+ • {w^Vv+ - v+Vw^)dx 



+ 



{{A+f + q+)w+v+dx. 



Associated with the operator hC^-^q-o, ^ in the transmission problem (3.12), is the following sesquilin- 
ear form, cf. the first Green formula (2.8) for 6£^- ^-o^^, 

: H\D-) X H^{D-) C, 



^ {w ,v 



ba Vw • Vv dx + 



D- 
-1 , 



(a"^V6 - ha'^iA') ■ {Vw')v~dx 



D- 



+ I {bVa ^ + a"^6iA )w -Vv-dx 
Jd- 

+ / (Va~^ • V6 + iA- ■ {a-^Vb - bVa'^) + ba-^{{A~f + q~))w-v^dx. 
Jd- 



(3.16) 
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For a solution {w^,w ) G H^{D^) x H^[D ) of the transmission problem (3.12), the function 



w 



w 



satisfies w G Hq(Q), as = w on dD. 
Let V G Hq{Q), and set 



\D+, 



on D+, 
on D^, 



Then by the first Green formula ( |2.4[ ) applied to the first equation in (3.12), we obtain that 

Using the first Green formula ( |2.8[ ) for g-a~^, we get 

+ {b{du + iA- ■ i^)ia'^w-),v-)H-i/2(^QD),m/^dD)- 



(3.17) 



(3.18) 



Adding (3.17) and (3.18), and using the transmission conditions in (3.12), we have 



^+{w+,v+) + <^-{w-,v-)+ / ca-^wvdS = {f + + f+,v+)^_. 



dD 



{D+),m{D+) 



(3.19) 



+ (bf ,V )H-^(D-),m{D-)~ ^^■>'")H-^/^{dD),m/'^{dD)'> 

for any v G Hq{Q.). The sesquilinear form, 

$ : HI{^) X i7oi(J7) ^ C, 



<I>(u;,w) = <I>+(u;+,f+) + <5 {w ,v )+ < 

JdD 



ca ^wvdS, 



(3.20) 



is naturally associated to the transmission problem (3.12). 



It follows from (3.19) that a solution {w^,w ) of the transmission problem (3.12 ) satisfies the equation 

- {gi - duwo - iA^ ■ i^go, 't^)H-i/2(aD),Hi/2(aD) , 



(3.21) 



for any v G Hq{Q). Here we have used the definition (3.14) of gi. 



Conversely, if w £ Hq{Q,) satisfies (3.21) for any v G Hq{Q,), then {w^,w~) solves the transmission 
problem (3.12). Indeed, restricting the attention to u G C^{D~^) and v G C^{D~) in (3.21), we 
obtain that w'^ and w~ satisfy the first and second equations of the transmission problem (3.12). 
Then by the first Green formulae (2.4) and (2.8), we obtain (3.17) and (3.18), respectively, for any 
V G Hq{Q). This, together with (3.21), implies that the second transmission condition in (3.12) holds. 

Hence, w G ^o(f^) satisfies (3.21) for any v G Hq{Q), if and only if n"*" = + £ H^{D^) and 
u~ = a^^w^ G H^{D~) satisfy the transmission problem (3.1). 

We shall next make the following observation. 

Lemma 3.2. The sesquilinear form <I> : i/g($7) x Hq{^) C is bounded, i.e. 

\^{w,v)\ < C\\w\\ HI (n)\Mmin), 

and coercive on Hq{Q,), i.e. 



Re^(w,w) > c\\w\\tti 



C\\w\ 



L2(n)' 



C> 0, 



(3.22) 



for all w G Hq{Q). 
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Proof. As the boundedness of ^ is clear, only the coercivity needs to be verified. By the definition 



( 3.20[ ) of we have 

Re^{w,w) >Re^~^{w^ ,w~^) + Re^~{w~ ,w~) - / \ca~^ww\dS. 

JdD 



(3.23) 



It follows from (3.15) that 



Re^>+(w+,i(;+) > ||Vi(;+||^2(£,+) - j \A+ ■ {w+Vw+ - w+Vw^)\dx 

|((^+)2 + > \\w~^\\h^d+) - \\w^\\ 



2 

L^(D+) 



C\\w^\\l2{d+)\\'^w^\\l^{d+) - C\\w^ 



(3.24) 



> \\w 

> -\\w^ 



\m{D+) 



C-\\w+fr 



211- <\m{D+) 
provided that e > is small enough. 



1^2(1)+)' 



Ce||u;+||^i 



Using (3.16) together with the fact that ba ^ > on D, we get 

\{a'^Vb - ba'HA') ■ {Vw')uF\dx 

JD- 

|(6Va"^ + a''^biA')w' • \/w^\dx 



Re^ {w ,w ) > ba \Vw \ dx 
'D- 



D- 



[ |(Va-^ • V6 + iA- ■ {a-^Vb - bVa~^) + ba'\{A-f + q 
Jd- 



1 

c' 

1 , 



\m{D-) 



w 



£ 



\h{D-) 



C\\w- 



\lhd-) 



))\\w-rdx 



(3.25) 



iVw II ^2m-^ - C||w 



Ce\\w Wjji 



(D-) 



1 



> ^11"^ \\m{D-)~^\\'^ IIl2(d-)' 
provided that e > is small enough. 



In order to estimate the last term in the right hand side of (3.23), we notice that by interpolation 
estimates for Sobolev spaces, for any e > 0, there is C(e) > such that 

II^~IIh3/4(d-) < ^\\w~\\m{D-) + C(.^)\\w~\\l^d-), 
see [U Theorem 7.22]. This fact together with the trace theorem implies that 



dD 



\ca ww\dS<C\\w 11^2(9^,) < Cll-u; ||^i/4(g^) < CHu- {{^3/^(^0- 



<C{e\\w-\\j,r^^.^ + C{e)\\w-\\l, 



(3.26) 



(D-)^ 



Combining (3.24) - (3.26) and choosing e > small enough, we obtain (3.22). This completes the 
proof of the lemma. □ 

Recall next that the dual space of Hq{Q) is H^^{^), and let A : Hq{Q) — )• iJ^^(i7) be the bounded 
linear operator determined by the form <I>, given by (3.20), 



{Aw, v] 



(3.27) 



for w,v & Hq{Q). Since the inclusion Hq{Q) m> L?'{^1) is compact, and the form $ is coercive on 
ffd(O), the operator A is Fredholm of index zero, see |27|. Theorem 2.34]. 
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Let us now show that w £ Hq (17) solves the homogeneous equation Aw = if and only if u'^ = G 
H^{D^) and u~ = a~^w~ £ H^{D~) solve the homogeneous transmission problem (3.2). Indeed, let 
w G Hq{Q,) be a solution to Aw = 0. Then 

{Aw, f = ^(w, v) = 0, (3.28) 

for any v G Hq{Q,). Choosing v G C^{D'^) and v G C^{D~) be arbitrary functions, (3.28) implies 
that w~^ and w~ satisfy 



in 



hCj^- „-{a ) = in D . 



Taking v G Hq{Qj) and using the first Green formulae (2.4) and (2.8) together with the definition 
(3.20) of the form we get 

= ^{w, v) = -{{du + iA-^ ■ '^)w^ ,v)H-i/HdD),m/^idD) 
+ {b{dy + iA' ■ v){a'^w-),v)H-i/2^Qj:))^H^/2^Qj:)) 
for any v G HQ{yL). Thus, 



+ / ca "^w vdS, 

JdD 



{d,y + iA'^ ■ u)w~^ = b{d^ + iA ■ iy){a ^w ) + ca ^w , on dD, 



and therefore, = w^ and u = a ^w solve the homogeneous transmission problem (3.2). The 
opposite direction is obvious. 



We shall next study the inhomogeneous case. When doing so, following (3.21), let us introduce the 
linear functional F : Hq{Q) — )• C by 



(F, u) =(/+ + /+,f+)^_ip+>i^^i^^+^ + (&/ ,v )^_i(^_~,^^i(^_-, 
- {gi - duwo - iA^ ■ i^go,v)H-y2(dD),m/^dD)' 

for any v G Hq{Q). 

Lemma 3.3. The functional F : Hq{Q,) — t- C is bounded and 

ll^llH-i(n) < C(\\f^\\H--^(D+) + y^Wn-^D-) + \\9l\\H~^/2{dD) 

+ \\9o\\m/'^{dD) + llfi'll//i/2(an))- 

Proof. We have 

\if^^v^)H-^D+),m{D+)\ - C\\f^\\H-^D+)\\'"\\HHn), 
and by Proposition |2.3[ we get 

Using (3.13) and (3.8), we obtain that 

\{f'^y)L^iD+),LHD+)\ < / \i2iA+ ■Vwo)'^\dx 

Jd+ 

+ / |(i(V • A+) - {A+f - q+)wo^\dx < C\\wo\\Hi(D+)\\v\\LHn) 
Jd+ 

< C'(ll5o||//i/2(aD) + \\9\\m/2{dn))\\v\\H^{n)- 
With the help of ( |3.9| ) and the trace theorem, we have 

\{gi - duWQ - iA^ ■ i^c/o,t^)H-i/2(aD),//i/2(aD)l 

< ^^(115111/^-1/2(90) + l|5t'^o|li/-i/2(aD) + \\iA+ ■ iygo\\mdD))\Hm/^aD) 

< C'(ll5i||//-i/2(aD) + \\9o\\m/2(^Qn) + \\9\\m/2(dQ))\\v\\m{Q)- 



(3.29) 



(3.30) 
(3.31) 



(3.32) 



(3.33) 
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Combining (3.30) - ( 3.33| ), we obtain that 

\{F,v)\ < CdlZ+ll^.i^+j + ||/"||j5'-i(£,-) + llffi|lH-i/2(ar>) + ll5o||/fi/2(aD) 

+ llfi'llHi/2(an))lbllHi(!^)' 
which completes the proof. 



□ 



Given F in (3.29), the function w £ Hq{Q,) satisfies Aw = F in Q. precisely when u'^ = ■w~^ + u^o and 
u~ = a~^'w^ satisfy the transmission problem (3.1). 

We shall next introduce the adjoint of A and relate the corresponding operator equation to the adjoint 
transmission problem. Let A* : Hq{Q) — )• H^^{il) be the adjoint to A, i.e. 



{A*v,w)H-^n),H^{Q) = iv,Aw)H^(^n),H-^Q) = i'^w,v)H-i^n),H^{n) = ^iw,v), 
for any w,v £ Hq{^). 



Consider now the inhomogeneous adjoint transmission problem (3.6). Similarly to what was done 
above we make the substitutions y~ = b^^v^ and y+ = f — t(;o*, where «;o* £ H^{D^) is the unique 
solution of the following Dirichlet problem, 

Att^o* =0 in , 
wq* = go* on dD, 
Wo* = g* on do.. 



We get 



a'^^A^^ipy') = f* in 
= y~ on dD, 

{du + iA+ ■ h')y^ = a'^{du + iA~ ■ u){by^) + ca^^y^ +gu on dD, 



(3.34) 



y 



on do,. 



where 



gi* = gu - duWo* - iA+ ■ ugo* G H~^/'^{dD). 

A straightforward computation shows that the sesquilinear form, naturally associated to the trans- 
mission problem (3.34), is given by 



{y,z) ^ ^{z,y). 



where ^ is defined by (3.20). 



Applying the Fredholm alternative to the operator A, we obtain the two mutually exclusive possibilities 
in the statement of Proposition 3.1 The estimate (3.10) follows from the fact that in case (i), the 
operator A is invertible and the unique solution w to Aw = F satisfies 



\w\\min) 



< C\\F\ 



It suffices then to apply Lemma 3.3 



It only remains to prove the a priori estimate (3.11). To this end, we observe that a solution w of the 
equation Aw = F satisfies 



and therefore. 



^iw,w) = iF,w)H-nn)^H^(Q), 
Mw,w)\ < C\\F\\H-i(n)\\w\\m{n) < C0ll^ll?/-i(n) + e|l^«ll//i(f^)) ' 
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Taking e > to be small enough and using the coercivity estimate (3.22), we infer that 

\\w\\min) < C{\\F\\H-^n) + 
Substituting w'^ = u'^ — wq and w~ = au' 

1 



\m{D-) < 



w\\l\q))- 
into ( |3.35 ), and using the fact that 



(3.35) 



\au 



together with Lemma 3.3 we obtain the estimate (3.11 ). This completes the proof of Proposition 3.1 



Remark 3.4. The transmission problem (3.2) is self-adjoint, i.e. the adjoint transmission problem 
(3.5) coincides with the given one, if and are real-valued and ab = 1 in dD. As dD is merely 
Lipschitz, we shall require that the equality ab = 1 holds in the entire region D. In this case one can 
easily check that ^{w,v] 
is self-adjoint. 



^{v,w) for w,v £ Hq{Q) and therefore, the operator A, given by (3.27), 



4. Unique solvability of the transmission problem by domain perturbation in the 

self-adjoint case 



Let ^} C M", n > 3, be a bounded open set in M" with Lipschitz boundary, and let D CC 0, he a, 
bounded open set with Lipschitz boundary such that Q,\D is connected. Let G VF^'°°(M" \ D, M"), 
q+ G L'^{W\D,R), A- G W^^°°{D,R''), g" G L°°(D,M), a,b G C^''^(D,R), and c G C(D,R). 



Assume that a,b > in D. Then the Fredholm alternative holds for the transmission problem (3.1). 
In what follows we shall assume that ab = 1 in D. 

The purpose of this section is to study the question whether the unique solvability of the problem 



(3.1) can be achieved by a small perturbation of the boundary of Q. Using the mini-max principle, 



here we shall answer this question affirmatively. 



The unique solvability of the transmission problem (3.1) in i7 is equivalent to the fact that the trans- 
mission problem 



Cy^+g+w^ = in Q,\D, 

.(a"iu,-) = in D, 



vu^ = on dD, 

{dp iA'^ ■ v)w^ = b{dv iA^ ■ v){a^^w^) ca^^w^ on 
w'^ = on 90, 



only has the trivial solution. As in the proof of Proposition 3.1, the sesquilinear form $ 



(4.1) 



given by ( |3.20 ), is naturally associated to the transmission problem (4.1). One can easily check that 
^q{w.,v) = ^£i{v,w) for w,v £ Hq{Q). In what follows, it will be convenient to work in the L'^{Q)- 
framework. It follows from (3.22) that ^q, viewed as an unbounded form on L^(r2), is densely defined 



and closed on Hq(Q). Moreover, (3.22) implies also that $q is semibounded from below, i.e. 

^n{w,w) > -C\\w\\l2(q), 

for all w G Hq{Q,). Then there exists a unique self-adjoint operator Qq : L^{^1) — ?• L^(il) with domain 
V{Qq) = { w £ H^{n) : Anw G L'^{n)}. Here the bounded operator An : H^{^) H'^^n) is 
defined by (3.27), and we have {Qfiw,v)i2(^^-^ = ^fi{w,v) for any w,v £ T^{Q), see [32l Theorem 
VIII. 15]. Moreover, Qq > —C and Qn has a discrete spectrum, consisting of real eigenvalues of finite 
multiplicity, accumulating at +oo. 



Ai(Jl) < A2(J1) < • • • < A„(J]) -> +00. 



(4.2) 



The transmission problem (4.1) in U only has the trivial solution precisely when zero is not an eigen- 
value of the operator Qn- Assuming that zero is an eigenvalue of Qn, the question that we are interested 
in is therefore, whether we can perturb the boundary of Q, to remove zero from the spectrum. 
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Let us first recall the following well-known consequence of the mini-max principle, applied to the 
eigenvalues of the semibounded self-adjoint operator Q^, see [26 1, Theorem 4.5]. 

Proposition 4.1. Let $7 C M" he a hounded open set with Lipschitz houndary such that C fi. Then 
Xn{Q) > Xn{^) for all n = 1,2,.... 

We shall need a sharper result, showing the strict monotonicity of the eigenvalues of the operator Qq, 
with respect to the domain. The proof of this result follows closely the proof of the strict monotonicity 
of the eigenvalues of a self-adjoint second order elliptic operator, due to [25], see also [261 Theorem 
4.7]. The key ingredient here is the unique continuation principle. 

Proposition 4.2. Let D CC O C 17, \ 7^ 0, and let Q \ D and Q \ D he connected. Then 
Xn{^) > A„(S7) for all n = 1,2, 

Proof. Assume that A„(il) = A„(il) for some n, and choose m > n such that XniS^) < Xmi^)- As 
17 \ is non-empty, there are open sets ilj, j = 1, . . . ,m, such that 

n = Qi C ^2 C ■ ■ ■ C Qm = (4.3) 
, m, and Uj := 0,j \ l^j-i non-empty, j = 2, . . . ,m. We also 



with J7j \ D connected, for all j = 1, 
set Ui := ill. 



It follows from (4.3) together with Proposition 
An(l1), j 



4.1 



and the fact that A„(r2) = An(0), that Xn{i^j 



1, 



Qfij , i-e. 



Setting 



m. Let Wj E 'T>{Qq^) C HQ{Qj) be a corresponding eigenfunction of the operator 
QujWj = Xn{^)wj in Qj, j = 1,.. ., m. (4.4) 
in VI A 



w 



^3- . ps^v' rr ^ ^0 (^), j = 1, . . . , m - 1, 

10 m \l\\lj, 

we claim that ijji, . . . , Wm are linearly independent. Indeed, assuming the contrary, we obtain that for 
some j, Wj = in Uj. Notice that the case j = 1 cannot occur. If j > 2, then it follows from (4.4) 
that 



Xn{n)(wj,v)L2(^<^^) = {Qn,Wj,v)L2(^^^) 

for all V G HQ{Q.j). This together with (3.20) implies that w'^ 
following transmission problem. 



'^^j{wj,v), 
^ Wi\n,\D and w- 



C 



A+,q+W 



3 



Xn{n)w+ 



m 



VLj \ D, 



hCA-,q-{a ^Wj ) = XniO,)wj in D, 
w'j = wJ on dD, 

{dy + iA+ ■ u)wj = h{du + iA" ■ u){a-^w:r) + 



Wj\D satisfy the 



(4.5) 



ca w- 



on 



dD. 



Since w~j vanishes on the non-empty open set Uj C ^j \ D and Jlj \ D is connected, by the classical 
unique continuation principle, applied to the first equation in (4.5), we get that w^ vanishes in Qj \ D, 
see [ini Chapter 17]. The transmission conditions in (4.5) yield that wJIqd = d^wjlgD = 0, and 
therefore, by unique continuation from Lipschitz bou ndary, applied to the second equation in (4.5), 
we conclude that w~ = in D, see Proposition A.l in Appendix [a| This contradicts the fact that 
Wj ^ in Qj, and hence, wi, . . . , Wm are linearly independent. 

Let {w/cjfc^i be an orthonormal basis of eigenfunctions of the operator in Q, corresponding to the 
eigenvalues in (4.2), i.e. QqU^ = Xk{Q)uk in Q. We have, when v G ffo(O), 



^n(^'^) = ^M^)\{v,Uk) 



L2{n)l 



(4.6) 



fc=i 
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As wi, . . . , Wm are linearly independent, there is 



V = CjWj £ Hq{Q) 
i=i 



such that {v,Uk) ^2(^^-^ = for all A; = 1, . . . , m — 1, and ||^^|l2,2(f^-) = 1- Thus, it follows from (4.6) that 



(4.7) 



On the other hand, (4.4) implies that 
and therefore, 

m 

j,k=l 



(4.5 



It follows from (4.7) and (4.8) that Xn{^) > Xmi^), which is a contradiction. The proof is complete. 

□ 

Proposition 4.3. Let Dcc$lCil, ^ (/>, and let i}\D and i}\D be connected. Then for any 

sequence of open sets flj, j = 1,2, . . . , such that 

= rii C 1^2 C 1^3 C • • • C 

O \ 7^ 0, ilj+i \ flj 7^ 0, and \ D is connected, j = 1,2, . . . , there exists Jq € N so that zero is 
not in the spectrum of the operator Q^. for all j > Jq. 

Proof. In order to prove this result we shall follow the argument of |36| Lemma 3.2]. Assume the 
contrary, i.e. for any j G N, there exists Ij G N so that Ij > j and zero is an eigenvalue of the operator 
• Let ki- E N be such that {^i ) = 0, j = 1, 2, . . . . Without loss of generality we assume that 

h < I2 < • • • < Ij ^ 00, j — 00. 



By Proposition 4.2, we get = XkiX^i ) > XkiX^i +i)- Since 



Ai(i^/,+J < • • • < Xk,^ (ni^^,) < Xk.^+ii^ii^^,) < ■ ■ ■< Xn{ni^^,) ^ +00, 

as n — )■ +00, we conclude that ki_^ < h^^-^, and therefore, ki^ — )• +00 as j — )• +00. Using again 



Proposition 
the proof. 



4.2 



we have = Xk^X^li^) > Afc, (ri) — t- +00 as j — >• +00. This contradiction completes 

□ 



When deriving the Runge type approximation result in Subsection 5.2 we shall need the following 



consequence of Proposition 4.3, Here B{x,e) is an open ball of radius e > 0, centered at rr G 



Corollary 4.4. Let 0, C be a bounded open set with Lipschitz boundary, and let Dj CC il. be 
a bounded open set with Lipschitz boundary such that Q \ Dj is connected, j = 1,2. Let £ 
Tyi'°°(M'^,M"), q+ G L°°(M",M), Aj G iyi'°°(L»j, M"), qj G L'^{Dj,R), aj,bj G C^'^(D~j,R), c G 
C{Dj,M). Assume that aj,bj > in Dj and ajbj = 1 in Dj. Then for any x G dO,, and any e > 0, 
there exists a bounded open set Q C M" with Lipschitz boundary such that Q\Dj is connected, j = 1,2, 
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n C ^2 C U B{x,e), and the homogeneous transmission problem on Q, 
Cji+q+{x, Dx)u~^ = in Q\Dj, 
^A" o-(^'-^^)'" = in Dj, 

ti"*" = ajU^ on dDj, (4-9) 
{d,y + iA'^ ■ v)u^ = bj{dy + iAj ■ v)u~ + CjU~ on dDj, 
= on d^l, 
has only the trivial solution, for j = 1,2. 



Combining Proposition 4.3 and [36, Lemma 3.2], we also get the following result, which will be useful 



in Section [7] when considering the scattering problem. 

Corollary 4.5. Let k > and let Dj C M" be a bounded open set with Lipschitz boundary such that 
M" is connected, j = 1,2. Let A+ G M^i'°°(M", M"), q+ e L°°(M",M), be compactly supported, 
Aj E M^i'~(L»j,]R"), qj G L'^{Dj,R), aj,bj G C^''^(ITj,R), c S C(lTj,R). Assume that aj,bj > in 
Dj and ajbj = 1 in Dj. Then there exists an open ball B such Di, D2 CC B, supp (^4"''), supp (q^) C 



B, the homogeneous transmission problem (|4.9|) with Q replaced by B and q^ , q- replaced by q^ — k 



q- — k'^ , has only the trivial solution, j = 1,2, and k^ is not an eigenvalue of the Dirichlet Laplacian 
on B 



When recovering the obstacle in the proof of Theorem 1.1, we shall have to consider the following 
configuration. Let 0, C M" be a bounded domain with connected Lipschitz boundary and let Dj C C O 
be a bounded open set with Lipschitz boundary such that Q\Dj is connected, j = 1, 2. As the boundary 
of Dj is Lipschitz, we see that Dj has at most finitely many connected components. 

Let D(e) be the connected component of 17 \ {Di U D2), whose boundary intersects dQ. We define 
D{i) := Q \ D{e). The number of the connected components of D(i) does not exceed the sum of 
the numbers of the connected components of Di and D2- Indeed, this follows from the fact that the 
boundary of each connected component of ^}\{Di[JD2), different from D{e), intersects d{DiL)D2). Let 
Q, / = 1, 2, . . . , A^, be the connected components of D{i), and let V/ be a small connected neighborhood 
of Ci with C°° boundary such that Vi CiVk = ^, k ^ I, and such that for the union V := U^-^V;, we 
have \ y is connected. 

Since dQ is connected, we observe that M" \ y is connected, and therefore, \ V; is connected for 
/ = 1, 2, . . . , A^. It follows that the boundary of dVi is connected. 

We denote by Dj^^ the union of the connected components of Dj belonging to V;, j = 1,2, / = 1, . . . , A^. 
Notice that Dj"^ CC ^ and W^\Dj''^ is connected. It follows therefore that the set Vi\D^p is connected, 

i = 1,2. 



In Proposition 4.2 we have considered the sets Q and D such that ^}\D is connected. In the situation 



at hand, the set y \ D is no longer connected. Nevertheless, we have the following generalization of 



Proposition 4.2, where we let j = 1, 2 be fixed. 



Proposition 4.6. Let Vi CC 0,, I = 1, . . . , N , be an open connected subset with C°° boundary such 
that ViCVi,Vi\Vi^(l>,Vi\ Df is connected and Vi nVk = ^, k ^ I. Set V := l^f^-^Vi. Then for the 
eigenvalues of the operators Qy and Qy, we have XniV) > Xn{V), n = 1, 2, . . . . 



The proof of this result proceeds similarly to the proof of Proposition 4.2, applying it to each pair of 
the sets Vi and V/. 



Arguing as in the proof of Proposition 4.3, we finally obtain the following result. 
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Proposition 4.7. Let xi £ dVi, I = 1,. . . ,N, and let e > be small. Then there exists a bounded 
domain Vi with boundary such that Vi C Vi C ViL)B{xi,£), Q\V is connected, and the transmission 



problem (4.9) with Q replaced by V has only the trivial solution, for j = 1, 2. Here we set V = UfLiVi 



5. Inverse transmission problems on bounded domains. Proof of Theorem 11.11 

5.1. Singular solutions of the transmission problem. The purpose of this subsection is to con- 
struct singular solutions to the transmission problem, using fundamental solutions for the magnetic 



Schrodinger operator with poles outside the domain. Using the elliptic estimates (3.10) for the solu- 



tions of the transmission problem, we shall obtain i?^-estimates for these singular solutions. 

Let 0, C M", n > 3, be a bounded domain with connected Lipschitz boundary, and let D CC 17 be a 
bounded open set with Lipschitz boundary such that Q \ D is connected. Let E W^'°°{D^,W^), 
g± G L°°(Z)±,M), a,be C^''^(D,R), c E C(D,R), and a,b >0 on D. 

Let V C M" be an open subset with Lipschitz boundary such that 

CC y CC n, 

and such that the following homogeneous transmission problem 

C^+^^+u+ = in V\D, 
C^-^q-u^ =0 in D, 

u'^ = au^ on dD, (5-1) 
{di, + iA^ ■ z/)u^ = b{di, + iA~ ■ v)u~ + cu~ on dD, 
= on dV, 

has only the trivial solution. Denote by G{x,y) a fundamental solution of the operator Cj^+^q+, i.e. 

^A+,q+{x,D^)G{x,y) = 5{x - y), x,y ^VL. 
We refer to Appendix [B] for the existence and the basic properties of G. 



Let y C \ y be fixed. Then the estimates (B.l) from Appendix |b| implies that G{-,y) G H^{V). By 
elliptic regularity, G{-,y) C -f^ioc(^)- The functions 

E+{;y) = G{;y) + E+{;y), {■,y) = G{;y) + {■,y), (5.2) 
which will be referred to as singular solutions, solve the transmission problem 
CA+^g+{x,D,)E+ix,y) = in V\D, 
^A-,q-{x,D^)E~{x,y) =0 in D, 
E+{;y) = aE-{;y) on OD, 

id^ + iA+ ■u)E+i-,y) = bid^ + iA-' ■u)E-{-,y) + cE'{-,y) on dD, 
E+{-,y) = G{-,y) on dV, 

when {Eq {■ , y) , Eq {■ , y)) G H^{V\ D) x H^{D) solve the following transmission problem, 
CA+,q+{x,D,)E+{x,y) = Q in V\D, 
C.A-,q-{x,D^)E^{x,y) = r in D, 

E+{-,y) = aE^{-,y) + {a-l)G{-,y) on dD, (5.3) 
{d, + iA-^ ■v)E+[-,y) = b{d, + iA- ■v)E^[-,y)+cE^{-,y)+gi on dD, 
E+{-,y)=Q on dV, 
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f-=2i{A--A+)-VG{;y) 

+ {iV ■ {A- - A+) + {A+f 



{A-f+q+-q-)G{;y)GL'{D), 



gi ={b - l)d,G{-,y) + {tu ■ {hA' - A+) + c)G(-, y) G R-'/^dD). 



Since by the choice of V the transmission problem (5.3) is uniquely solvable, the estimates (3.10) 
implies that 



\Ki-^y)\\m{v\D) + 11^0 {■^y)\\m{D) < C{\\f \\h-i(d) 
+\\ia-l)G{;y)\\ 



Let us estimate all the terms in the right hand side of (5.4). First we have 



WrWa-^D) < C\\f-\\LHD) < C\\G{;y)\\HiiD)- 



By Proposition 2.3 and the trace theorem, we get 

||(a- l)G(-,y)||^V2(aD) < C\\G{;y)\\Hi/2^Q^) < 

Since 



\m{D)- 



(5.4) 

(5.5) 
(5.6) 



A,G{x, y) = -2iA+ ■ V,G{x, y) + (-i(V • A+) + {A+f + q+)G{x, y) € L\D), 



it follows from (2.1) that 

\\d.G{;y)\\H-^/^iaD) < C{\\A^G{x,y)\\L2^n) + \\G{;y)\\HHD)) < C\\G{;y)\\H^^Dy 
This together with the fact that b € C^'^{D) implies that 

\\9i\\H-^/HdD) < C{\\d,G{;y)\\H-i/2^9D) + ■ {bA- - A+) + c)G(-, y)||i2(a^)) 
< C{\\d.G{;y)\\H-i/2(^9j,^ + ||G'(-,y)||^v2(aD)) < C||G(-, y)||Hi(D). 



Hence, it follows from ( |5.4[ ) with the help of the estimates (5.5) - (5.8) that 

ll^o''(-'2/)llHi(y\D) + ll^o"(-'; 



\H 



(D)<C||G(-,y)||^ip). 



(5.7) 



(5.8) 



(5.9) 



We conclude that the behavior of the singular solutions E~^{-,y) and E (•,?/), introduced in (5.2), is 



essentially controlled by the behavior of the fundamental solution G(-, y) of the magnetic Schrodinger 
operator, as the pole y is close to the obstacle. 

5.2. Runge type approximation result. Let Q C M", n > 3, be a bounded domain with connected 
Lipschitz boundary, and D CC be a bounded open set with Lipschitz boundary such that 0,\ D 
is connected. Let 7 C dQ be an open nonempty subset of the boundary of fi. For {u+,u^) G 
H^{Q \ D) X H^[D), consider the following transmission problem, 



C^+ g+u~^ = in \ D, 
Cj^-g-u^ =0 in D, 
u'^ = au^ on 9Z?, 

{dy + iA+ ■ u)u'+ = h{dy + iA~ ■ v)u^ + cuT 



(5.10) 



on dD, 



and set 



W{n) = {(M+,n") G H\n\D) X H\D) : {u+,u-) satisfies pJO) 



Let V C 



supp (u'^lan) c 7}. 
be an open set with Lipschitz boundary such that 



D cc y cc n, 
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and \ y is connected. For {w^,w~) G H^{V \ D) x H^{D), consider the following transmission 
problem, 

CA+^g+w+ = in V\D, 
Cj^-q-w^ = in 

= aw~ on dD, 
{dy + iA^ ■ i')w^ = b{diy + iA^ ■ u)w^ + cw~ on dD, 



(5.11) 



and set 



Let 



W{V) = {{w+, W-) £ H^{V\D)x H^{D) : {w+ , w') satisfies ([5lT|)}. 



W{D) = {w- (^H^{D):CA-q-w~ =Q on D}. 



><?" 

Lemma 5.1. Assume that ab = 1 on D. 

(i) The set W{Vl) is dense in the set W{V) in the H^{V\D) x H^{D) -topology. 

(ii) The set W{^) is dense in the set W{D) in the H^{D) -topology. 

Proof, (i) First notice that the dual space of x H^{D) is the space H-^{V\D)x H-^{D). 

Then by the Hahn-Banach theorem, we need to show that for any (/"'", /~) E H^^{V \D) x H^^{D) 
such that 

(/ i"" )H-^{V\D),m(V\D) ~^ )H-^{D),m{D) ^ (5.12) 

for any {u~^,u~) G W{i}), we have 

(/'^,'"^'^)^-i(V\;d)_/^i(V\5) + (/ >^ )//-i(Z)),_f/i(£') ^ ^' (5.13) 
for any {w'^,w~) £ W{V). 

Let us extend A+ G W^''^{Q\D,W) and q+ € L°°{Q\D,R) to the whole of M" so that the extensions, 
which we denote by the same letters, satisfy A+ E Ty^'°°(M", M") and q+ G L°°(R",]R). In view of 



Corollary 4.4, there is a bounded domain D with connected Lipschitz boundary such that the 



sets Q \ D, Q\V are connected, dQ \ 7 C d^, and the homogeneous transmission problem (3.2) in Q 
instead of Q has only the trivial solution. Since G //^^(^ \L'), we conclude that G H~^{Q,\D), 
and supp (/"*") C ^ \ D. Then by the choice of 0,, the following adjoint problem 

^A+,g+«+ = /+ in n\D, 
^A-,g-v~ = in D, 

v+ = b'^v' on dD, (5.14) 
(5;. + • z^)w+ = a~^(ai. + • I/)?;" + ca~^&"^u~ on dD, 
= on 50, 
has a unique solution (?j+,f^) G H^{^1 \ D) x H^[D). 



Let 7 = 30 \ O and let {u'^,u ) G H^{Q \ D) x H^{D) satisfy the transmission problem (5.10) in O 
instead of O and supp {u~^\qq) C 7. Thus, (n+lf^^^J, ti~) G W{Q). 



By the second Green formula (2.6) for and v^, we get 
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Thus, using the fact that Cj^+q+u^ = Q \n Q.\D and f = on 5$!, we get 



(5.15) 



By the second Green formula (2.6) for u and v , we obtain that 

{^A-,q-U~,V~)L2(^D) + {{diy+iA-- ■ ^)U' ,V~)H-i/2(^dD),m/^dD) 

Since g-n^ = on we have 

= -iu',r)Hi(D),H-HD) + {(du + iA- ■ V)U- ,V-)H-l/2^Qr)),m/2(QD) 

-{u~,{du + iA- ■ y)v~)Hi/2(^QD)^H~^n{dD)- 



(5.16) 



Adding (5.15) and (5.16), and using (5.12) together with the transmission conditions in (5.10) and 
(5.14), we get 

+ {{du + lA- ■ y)u- ,bv^)H-^/2(^dD),m/'^(aD) 
+ {au-,{du + iA"' ■ J^)w^)//i/2(aB),jy-i/2(a£,) 

- {u~,{du + iA- ■ l^)v~)Hi/2^QD),H-i/2(dD) 

= -(cu~,'t;+)i2(g£,) + (n",cu+)i2(aB) = 0. 

Since u'^Iqq can be an arbitrary smooth function with supp {u^\qq) C 7, we conclude that duV~^ = 
on 7. Thus, v'^ satisfies Cy^+g+v^ = on Q\V, and f+ = 0, d^v^ = on 7. As A~^ G W^'°°{Q) and 
g+ ^ L^{Q), and \ y is connecte d, by unique continuation from Lipschitz part of the boundary we 
get v+ = on f^\F, see Proposition A.l in Appendix |a| Since G H^{^l\D) and Ai!+ e L^(?^\F), 
we have 

= 0, and d^v^ = on dV. (5.17) 



Let {w^jW ) G W^(y). Then by the second Green formula (2.6) on y \ D for and v'^, we get 

= i"^^ ' f^) m{V\D),H-^V\D) ~ (^'^ +iA'^ ■ i^)w^)Hi/2(0D),/f-i/2{aD) 

+ (u;+, {du + iA+ ■ z^)v+)^i/2(gy),/f-i/2(ay)- 



Since Cj^+^g+w^ = OonV\D and ( |5.17| ), we get 

iw'^J^)m{v\D),H-^{v\D) = - {(.du + iA+ ■ iy)w+,v+)jj-i/2(^9D),m/HdD) 

+ {W+, {du + iA+ ■ l^)v^)H^/2(^QD),H-^/HdD)- 



(5.18) 



By the second Green formula (2.6) for w and v , we obtain that 

{^A-,q-W',V-)L2^D) + {{du + iA~ ■ v)w' ,V-)h-i/2(^qd)^h^/21^qd) 
= iw~J~)HHD),H-HD) + i^'^i^u + iA- ■ v)v-)Hi/2(QD),H-^/^{dDy 

As Cj^- q-w^ = on D, we have 

^r)m{D),H-\D) ={{du + iA~ ■ '^)^">^")/f-i/2(eD),Hi/2(aD) 

- {w-, {du + iA- ■ i^)t'~)Hi/2(9Z)),H-i/2(aD)- 



(5.19) 



(5.20) 
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Adding (5.18) and (5.20) and using the transmission conditions in (5.11) and (5.14), we get (5.13). 
This proves (i). 

(ii). By the Hahn-Banach theorem, we need to show that for any G H^^{D) such that 



for any u E V7(ri)|£), we have 



(/ i"" )h-^(D),h^{D) 



if ,W 



(5.21) 



' H-^{D),H^{D) 

for any w~ € W{D). Let {v^ ,v^) G H^{Q \ D) x H^{D) be a unique solution to the adjoint 
transmission problem ( 5.14| ) on with = 0. Let (u^,n^) G H^{Q \ D) x H^[D) satisfy the 
transmission problem (5.10) in O instead of and supp {u^\qq) C 7. Thus, G l^(r2)|£). In the 
same way as when deriving (5.17), we get 

= 0, and dyV^ = on dD. 



This together with the transmission conditions in (5.14) implies that 

v~ = 0, and dijV~ =0 on dD. 



(5.22) 



By the second Green formula (2.6) for w and v , we obtain (5.19). It follows from (5.19) with help 

-w~ = in that (5.21) is valid. The proof is complete. □ 



of (5.22) and the fact that Cj^- 



5.3. Determination of the obstacle. Assume that Di ^ D2. Let {u\,u^ ) G H^{Q\Di) x H^[Di) 
satisfy the following transmission problem with j = 1, 



in n\Dj, 



in D 



(5.23) 



on dD 



J' 



on dDj , 

{du + iA^ ■ i/)n+ = hj{du + . i/)nT + CjU- 
and be such that supp {uI\qq) C 7. Since 

C^(A+,g+,^^,gf ,ai,5i,ci;i:>i) = C^(^+, g+, A^, g^, 02, 62, C2; -D2), (5.24) 

there is {u^ , u^) G H^{Q \ D2) x H^{D2), which satisfies the transmission problem (5.23) with j = 2, 
and such that 



U2 on di}, supp (u^lan) C 7, 



on 7. 



(5.25) 



Let D{e) be the connected component of 17 \ {Di U 1^2), whose boundary intersects dVL. Then (5.23) 
implies that 

It follows from (5.25) that 



''2 1 



d^uf = duU2 on 7. 



As D[e) is connected, by unique continuation from a part of Lipschitz boundary, we get 

u\ = U2 on D{e). 



(5.26) 



Now due to the connectedness of \ Di and 17 \ D2j there is a point xq G dD2 such that xq ^ Di 
and Xq G D[e). As 3D2 is Lipschitz, we can assume that there is the unit outer normal i^(xo) at the 
point Xq to dD2. By the hypothesis of Theorem |1.1| 02(^0) 7^ ^2(3^0)) ^-nd therefore, without loss of 
generality we may assume that b2{xQ) — 02(^0) > 0. Thus, there exists an open ball B, centered at 
Xq, such that 

62 - ^2 > on i? n Z?2, 
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and S C Jl\L>i. Define 

xs = xo + Si'{xo), 

for > small so that xs £ B. 



Let D{i) = n \ D{e). Then D{i) has a finite number of connected components, denoted by Ci, 
I = 1,...,N. Let Vi{6) be a small connected neighborhood of Ci with boundary such that 
W) n Vfc((5) = 0, / / A:, and such that for the union := ufi^Vi{6), we have ^ \ 

is connected, and the homogeneous transmission problem, 

CA+,g+w+ = in V{6)\D], 
= CLjWj on 91) j, 

+ • = + i^J • z^)t(;J + cwj on dDj, 

'Wj'\dV{5) = 0, 



has only the trivial solution, j = 1, 2. The existence of the set V{6) follows from Proposition 4.7 See 
also Figure 1 for the illustration of the configuration described above. 
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Figure 1 . A schematic illustration of the reconstruction of the obstacle in the proof 
of Theorem [TTI Here V{5) = Vi{6) U ¥2(6). 



As u^,u^ £ H^{D{e)) and An+ G L^{D{e)), it follows from ^blE^ that 

u'f = U2 , diyuf = duU2 on dV{6). 

Let V G H^(y{5)) be a solution to the equation 

C^+g+v = in V{6). 
Since G H^{Q \ Di) satisfies the equation 

CA+,q+ut = Q in V{5)\'D~u 



(5.27) 



(5.28) 
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by the second Green formular (2.7), we get 

= ('^A+,q+^^)'i')L2(V(5)\D7) ~ ('"■1 ^ ,q+'") L^(V{S)\Dl) 

= {uf, {du + iA+ ■ i^)v)(^Hi/2^H-i/2)^Qy(^s)) - ii^u + iA+ ■ i/)n+, t;)(H-i/2,Hi/2)(9y(5)) (5-29) 

- (uf, {du + iA+ ■ l^)v)(^Hi/2^H-l/2)(^Qjj^) + {{du + iA+ ■ I^)ut ,v)(^H-i/2^Hl/2)(^QD^y 

Here di, is the exterior normal derivative to Di and V{6). As E H^{Q, \ D2) satisfies the equation 



C 



in V{5)\D2, 



again by the second Green formular (2.7), we obtain that 

= [ut^ {du + iA+ ■ J^)v)(^Hi/2^H-i/2)^Qy(^s)) - ii^u + iA+ ■ u)u+, t^)(H-i/2,Hi/2)(sy(5)) 

- {ut, {du + iA-^ ■ Z^)w)(J^l/2_^-l/2)(a£,2) + ((^i- + ^^"^ ■ ^)'"2'' ^)(//-l/2,iyl/2)(0£,2)- 

Combining (5.29) and (5.30) with the help of (5.27), we have 

{uf, {du + iA~^ ■ i^)^^)(/fi/2,H-i/2){aDi) - ((du + iA^ ■ '^)ut, v)(^jj-i/2^Hy2)idD^) 
= {ut, {du + iA-^ ■ '^)v){m/^,H~y^)idV(S)) - ((du + • I'W, v)^H-^/^,Hi/2)idVi5)) 
= {ut^ (du + iA-^ ■ z^)v)(i^i/2^^-i/2)(a£,2) - iidu + iA-^ ■ J^ht ^v)(H-y^,m/^){dD2)^ 



(5.30) 



(5.31) 



where {u^ ,u- ) G H^{U, \ Dj) x H^{Dj), j = 1,2, satisfy the transmission problems (5.23) on Q and 
(5351). 



We now claim that (5.31) can be extended to ah (m+, uJ) G H^{V{6) \ Dj) x H^{Dj), j = 1, 2, which 
satisfy the transmission problems 



C 



A+,q- 



-u- 



in V{8)\Dj, 
in 



aju. 



on dDj^ 



(5.32) 



and such that 



{du + iA^ ■ v)u^ = bj{du + iA- ■ v)u- + CjU- 



'\dV(S) — 'U2\dV{5)- 



on dD 



5.1 



(5.33) 
there 



Indeed, let {ul^u-^) G H^{V{5) \ Di) x H^{Di) satisfy ([532j) with j = 1. Then by Lemma 

are (u]*^, u^^) G H^{^} \ Di) x H^{Di), k = 1, 2, ... , which satisfy the transmission problem (5.23) 
with j = 1 on Q, supp (u^^Jan) C 7, and 

«fc'«rfc)^K'^r) in H\V{5)\Di)xH\Di), k ^ 00. (5.34) 



It follows from (5.24) that there are ("U^^, ^afc) £ H^{il,\ D2) x H^{D2), k = 1,2, . . . , which satisfy the 
transmission problem (5.23) with j = 2 on 17 such that 



'Ik 



u^f^ on do.. 



{du + iA+ • z^)-u+^ = {du + iA+ • zy)u^^ on 7. 



In the same way as in the derivation of (5.26), we get 



Thus, 



'^2k\dV{S) = Uik\dV{5) \dV{5) 



in H^'^{dV{5)), k 



By the choice of V{5), it follows from (3.10) that 



u. 



2k\\H^{V{S)\D2) 



+ \\u2k\\H^D2) < C\\u^^\Qv(S)\\Hi/^{dVi5))^ 



00. 



1,2,, 



(5.35) 
(5.36) 
(5.37) 
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Using (5.36) and (5.37), we conclude that there is (u^,ti2 ) G H^{V{5) \ D2) x H^{D2) such that 

(n+,n2fc) ^ (u+ in H\V{6) \D2) x H^Di), k ^ 00. (5.38) 



Hence, {u2,U2 ) satisfy the transmission problem (5.32) with j = 2. It follows from (5.34) and (5.38) 
that (5.31) is valid for u'^ and u^. Furthermore, (5.35) implies that 

n+ = n+ on D{e)nV{6). (5.39) 



On the other hand, let (14^,52 ) G H^{V{d) \ D2) x H^{D2) satisfy the transmission problem (5.32) 
with j = 2 and n^|ay(5) = Ui\qv{s)- Since by the choice of the set V{6) the transmission problem 
(5.32) with the Dirichlet boundary conditions has a unique solution, we have (S^,52) 



[U2 , U2 



The claim is proved. 

The subsequent analysis will take place in the region Br\D2. In what follows let {u'j' ,uj) G H^{V{6) \ 
Dj) X H^{Dj), j = 1, 2, be such that they satisfy the transmission problems (5.32) and the condition 
( |5.33 ). By the first Green formula (2.4), we get 



BnD2 



BnD2 



■ V{b2v)dx 



+ i (^2^2 ■ ^(^2^) — (^2 • Vn2 )62t')(ix + / ((^2 )^ + 92 )^2 ^2^^c^a^ 

JBnD2 JBr\D2 

- {biidu + 1^2 ■ '^)U2 ,v)(^H-^/^m/^mBnD2))- 



This implies that 



BnD2 



62VM2 ■ Vvdx 



BnD2 



(V62 • V7i2 )vdx 



i A2 ■ (^2 ~ vVu2 )h2dx 

JBr\D2 

j {iA2-Vb2 + {{A2f + q2)b2, 

JBnDo. 



U2 vdx 



+ {b2{dy + iA2 ■ y)u2 , v)/^-^/^ m 



i/2)(a(Bnz)2))- 



It follows from (5.28) that 



-A+,q 



+v = in V{5). 



Using the first Green formula (|2.4[), we obtain that 



B2nD2 



{^~A+,q+v)a2U2 



dx = / Vii • V(a2ii2 )dx 
JBnD2 

+ i / {-A'^v ■V{a2U2) + (A"^ ■Vv)a2U2)dx + / {{A'^f + q'^)va2U2 dx 
JBnD2 JBnD2 

- {{dy - iA-^ ■ y)v,a2U2)(^H-y^,Hy^){d{BnD2))- 

This yields that 

a2Vu2 • Vvdx = — (Va2 • Vv)u2dx 

Jb^D; 



L 



BnD2 



+ i A'^ ■ {vVu2 — U2 Vv)a2dx 

J Br\D2 

+ / (iA+ • Va2 - {{A'^f + q^)a2)u2vdx 
JBnDo. 



^)(a(BnD2))- 



(5.40) 



(5.41) 



(5.42) 
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Our next step is to subtract (5.42) from (5.40). To that end consider first tlie boundary terms in 
{ 5A0l and ^5A^ . Setting 

r{B) = dD2 n B, 



and using the transmission conditions in (5.32) with j = 2 and (5.31), we get 
h := (62(5^ + ^^2 • ^')"2 '^)(/f-i/2,Hi/2)(r(B)) 

- {a2U2,idu + • J^)?^)(Hi/2,H-i/2)(r{ij)) = - j^^^^ C2U2vdS 

+ ((5^ + iA-^ ■ , w)(//-i/2,jyi/2)(a£,2) - (^2"' i^u + iA-^ ■ v)v)^h^/2^h-^/2^^^qj:)^) 

- {{du + iA-^ ■ , '^)(//-i/2,HV2)(aD2\r(B)) 



+ {ut, {du + iA+ ■ y)v)(Hy^,H-y^)(dD2\T(B)) 



(5.43) 



T{B) 



C2U2 ''^dS 



+ {{dy + iA+ ■ iy)u^,v)(^H-^/2^H^/2),^dDi) - i^l^ i^-y + • ^)'^){H^/^,H-^/2){dDi) 

- {{du + iA+ ■ y)u^,v)^H-^/2^H^/2)(^Qo^\Y^B)) 
+ {ut^ {du + iA-^ ■ v)'^){H^n,H-^n){dD2\T{B))- 

The idea in the above computation is to move further away from the pole x^- Notice that T{B) is the 
portion of the boundary of D2 that is closest to the pole X5, and we do not want to have traces of the 
normal derivatives, integrated over r(i?), in the expression for Ii. 



Letting 



h ■={b2{du + iA^ ■ y)u2 , v)(H~'^/'^,m/^){dBnD2) 

- {a2U2,{du + iA+ ■ i^)w)(^i/2_jy-i/2)(gBnD2)' 



(5.44) 



and subtracting (5.42) from (5.40), we get 



/ (62 — a2)Vn2 • Vvdx = / ((Va2 • Vv)u2 — (V62 • )v)dx 
JBr\D2 J Br\D2 

+ / (m2j4^ — 262^2 ) ■ (^2 ~ ^^""2 ~ / ru2vdx + Ii+l2, 



(5.45) 



where 



iA^ ■ Vb2 + {{A^f + q2)b2 + iA+ ■ Va2 - {{A+f + q+)a2 £L'^{Bn D2). 



(5.46) 



Notice that (5.45) is valid for any {u^ ,u- ) G H^{V{5) \Dj) x H^{Dj), j = 1,2, such that they satisfy 
the transmission problems (5.32) and the condition (5.33), and for any v G H^{V{6)) satisfying (5.28). 

We shall use (|5.45 ) with the singular solutions, constructed in Subsection 5.1, with the poles at 
y = xs ^ V{6). Let us introduce these singular solutions in our context. Denote by G{x,y) the 
fundamental solution of the operator £^+,9+5 i-^- 

^A+,q+{x,D^)G{x,y) = 6{x - y), x,y gQ. 



We assume, as we may, that this fundamental solution enjoys the properties (B.l) and (B.2). For the 
existence of such fundamental solutions, we refer to Appendix [B| 

Define 

V = v{-,xs) = G{-,xs), 



uf{-,xs) = G{-,xs) + E^j{-,xs) 



(5.47) 



u- {■,xs) = G{-,xs) + Eqj{-,xs), j = 1,2, 
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where {E+{-,xs),E~{-,xs)) G H\V{5)\aj) x H^Dj) solve the followmg tr ansmission problem, 



where 



CA+,g+{x,a^)E+{x,xs) = in V{6)\D], 
^Aj ,qj{x^D^)EQ-{x,X5) = fr in Dj , 

Eoj{-,X5) = ajE^.{-,xs) + (oj - l)G{-,xs) on dDj, 

{du + lA^ ■ i^)E^j{-,xs) = bj{du + iAj ■ i^)E~j{-,xs) + CjE~j{-,xs) + gij on dDj, 
E+{;Xs) = on dV{6), 



fj =2i{A- -A+)-VG{-,xs) 

+ (iV • (^T - + [A+f - (AT)2 + g+ _ q-)G{., xs) G ^^(Z),), 
5ij ={bj - l)duG{;xs) + (ii/ • (bjAj - A+) + Cj)Gi;xs) G H-^/\dDj). 



(5.48) 



As C \ Di, we have dist(3;5, 9L)i) > 1/C, and therefore, it follows from (5.9) and (B.l) that 

\\Kii-^x&)\\m{V{5)\Dl) + ll^oi(-'2;5)||i/i(Di) < C'l|G'(-,2;5)||^i(£,^) < C, (5.49) 



and (C.9) implies that 

\\EU-^^6)\\m(v(6)\D2) + II^o2(->^<5)IIhi(d.) < C\\G{;xs)\\m^D2) < C5^-^l\ (5.50) 

as (5 — )• 0. It is important to mention that ( |5.49 ) implies that the singular behavior of uf is the same 
as the behavior of G{-,xs) when 5 — )• 0. However, it follows from (5.50) that the term £'^(-,3;5) may 
not be considered as a remainder when (5 — )■ 0, in the definition of . 



(5.51) 



Thus, in the left hand side of (5.45) we would like to have u{ instead of U2 ■ To that end, we have 

/ (62 — a2)Vn2 • Vvdx = — V • ((62 — a2)Vv)u2 dx 

JBnD2 J Br\D2 

+ ((^2 - «2)W2 , )(^i/2 j:^-i/2)(r(B)) + ((62 - 0.2)U2 ,duV)i^Hi/2 H-i/'i){dBnD2) 

= — V • ((62 — a2)Vv)u2 dx 

JBr\D2 

+ ((^2 - 02)02 ^n^, dyv) ^^1/2 ^H-^/'2){r{B)) + ((^2 - a2)u2 ,duv)(^jji/2^H-i/2)(dBnD2)- 

In the last line we have used the fact that 

U2 = a2^U2 = a2^uf on T{B), 

which follows from the transmission conditions in (5.32) and the equality uf = on dD{e), see the 
discussion after (5.39). 

On the other hand, 



{{b2-a2)a2'^uf,duv)(fji/2H-^/2)(r(B))= / 03 ^(62 - 02)Vn]^ • Vfdx 

JBnD,. 



BnD2 



V • (02 ^(62 - a2)Vv)ufdx - ((62 - 02)02 ^uf, duv)(^^i/2 jj-i/2 



(5.52) 



'-){dBr\D2)- 



Substituting ( |5.52 ) into (5.51), we get 
b2 — 02)Vn^ • Vvdx 



BnD2 



/ O2 ""^(62 — 02)Vn^ • Vf dx 
JBnD2 



+ / V ■ {a2^{h2- a2)Vv)u^dx - i V • ((62 - 02)V 
JBnD') JBnDo 



v)u2 dx 



(5.53) 



((62 - 02)02 ,duV)(^jji/2^H-^/2){dBnD2) + ((^2 - 02)^2 , 0uV)^Hi/2^H-i/2){dBnD2)- 
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It follows from (5.41) that 



Av = liA-^ ■ Vv + {i{V ■ A-^) + [A-^f + q+)v on B n D2. 



(5.54) 



Substituting (5.53) and (5.54) into (5.45), we obtain that 



/ {b2 — a2)Vuf ■ Vvdx = / ((Va2 • Vi;)u2 — {\7b2 ■ Vu2)v)dx 

JBr\D2 JBnD2 

+ / {ia2A~^ — ^52^2) ■ (^2"^^ ~ Vu2v)dx — / ru2vdx 
JBr\D2 J Br\D2 

I U2{V{b2-a2) + 2i{h2-a2)A-^)-Vvdx 
JBr\D2 

- I ul{V{a2^{b2- a2)) + 2ia2^{h2- a2)A'^) -Vvdx 
JBnD2 

+ / ■A+) + {A+f + g+) (u^ (62 - 02) - n+a^^ (62 - a2))vdx + h + h 



(5.55) 



+ ((62 - 02)02 ""l 7 duV)(^H^/^,H-^/2){dBnD2) ~ ((^2 - 02)^X2 , duV)(^Hi/^,H-y^){dBnD2)^ 

where r, Ii and /2 are given by (5.46), (5.43) and (5.44), respectively. Notice that the idea of deriving 
(5.55) is to collect the most singular term on the left hand side. The identity (5.55) will now play the 
main role in the recovery of the obstacle. 

It is important to mention here that the function 0^^(62 — 02) > on S n D2, and that both \/uf 
and Vf behave as the gradient of the fundamental solution of the Laplacian, as 6 goes to zero. More 
precisely, recall that and v are given by ( |5.47 ). Then by (B.5), we have 

Vu'l{x,xs) = Vr,Go{x,xs) +VxE^^{x,xs) + R{x,xs), 
Vxv{x, xs) = VxG{x, xs) = Va;Go(x, xs) + R{x, xs), 



where Go is the fundamental solution of —A, which is given by (B.3), and 

i2 = 0(|x-X5|2""), as 5^0. 



Substituting {Uj,Uj ), j = 1,2, given by (5.47) into (5.55), we see that the left hand side of (5.55) 
has the form, 



where 



/ a2^{b2 - a2)Vul -Vvdx = / a2^{b2 - a2)\VxGo{x,xs)\'^dx + Iq, 
J BnD2 J BnD2 

lo := / a2^{b2 - a2)VxE^^{x,xs) ■Va:G{x,xs)dx 
JBnDo 



+ I a2\b2-a2){VxGo- R + R-VxGo)dx + 
'BnD2 



It follows from (B.3) that 



VxGoix,xs) 



BnD2 
X — xs 



0-2 ^ib2 — a2)\R\'^dx. 



(5.56) 



Yi I S I I *^ *^ 5 1 

and therefore, as 02 ^(^2 — 02) > on i? n D2, using (C.5) we have the following estimate, 



G 



^2-n < 



BnD2 



^2 ^(^2 — «2)|VGo(-, X5)|^dj;, as (5 — )• 0. 



(5.57) 



Moving Iq to the right hand side of ( |5.55 ), we shall show that the absolute value of the right hand 
side of (5.55) is bounded by G6^~'"'^'^ fin{S), where /x„((^) is defined by 



'(log|)V2, n = 3, 

^(3-n)/2 ^ > 4_ 



(5.58) 
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Notice that here the quantity (5^~"'/2 is related to the H^-novm of the fundamental solution of the 
magnetic Schrodinger operator on D2, see (C.9), while Uni^) is related to the L^-norm of the trace of 
the fundamental solution of the magnetic Schrodinger operator on the boundary of D2, see (C.13). 



In what follows we shall also need t„((5), which is given by 



1 n = 3, 

(log 1)1/2 „ = 4, 

g2-n/2 ^ > 5^ 



(5.59) 



which is related to the norm of the fundamental solution to the magnetic Schrodinger operator on 
L>2, see dOSl). 



For any n > 3, we have 
and 



1 < Tn{6) « fin{d) « (^1-"/^ as <5 ^ 0, 



(5.60) 
(5.61) 



Thus, the idea is to get a contradiction as 5 — )• 0, which will show that Di = D2- 



Let us first estimate the absolute value of Iq, which is given by(5.56). Indeed, by (5.49) and (C.7), we 
get 



/ ^(62 - a2)Va;£'(Ji(-,x<5) • VxG{x,X5)da 

JBr\D2 

< C\\VE+{.,xs)\\L^^BnD,)\\yG{;xs)\\L^^BnD,) < Cb'-^l''. 
Using (C.4), we obtain that 

0< /" a2^{b2-a2)\R\'^dx<C [ 

JBnDo J B\ 



dx 



'BnD2 F - xs 



(5.62) 



(5.63) 



By (C.4), we have 



BnD2 



02^(62 - a2)(V^Go -R + R- VxGo)dx 



< C{nn{6)f, as 5^0. 



The inequalities (5.62), (5.63), and (5.64) imply that 

|/0| < C5l-"/Vn(<5). 



(5.64) 



(5.65) 



In order to continue estimating terms in the right hand side of (5.55) it will be convenient to collect 
some auxiliary estimates. Let D CC V{S) be an open subset with Lipschitz boundary. The following 
estimate is a direct consequence of (B.l) and (C.9), 



\V{-,X5) 



C, 



dist{xs,dD) >1/Ci, Ci>0, 



HHD) - ^ c'ji-n/2 otherwise, 



as (5 —7- 0. Furthermore, (5.7) together with the trace theorem implies that 

\\duVi-,Xs)\\H~i/2^Q£,) + \\v{-,Xs)\\h1/2^q£,) < C\\v{-,Xs)\\fjr(D)- 



As B C \ Di, we have dist(3;5, (9Z)i) > 1/C and therefore, (5.66) implies that 

\\duV{-,Xs)\\H-i/2(^9D^) + \\v{-,xs)\\Hy2(^QD^) < C\\v{-,xs)\\h^Di) ^ C. 
It also follows from (5.66) that 

\\duVi-,Xs)\\H^i/2^QD^) + \\v{-,Xs)\\Hi/2^aD2) < C\\v{-,Xs)\\h1(^jj^) < Cb^"^!'^ . 



(5.66) 

(5.67) 
(5.68) 
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see the first equation of (5.48), and using (2.1), and (5.49), we get 

\\dyE+-^{-,X&)\\H-l/2^Qj^^) + \\E^i{-,X&)\\HV2(^dD^) < C\\E+{;Xs)\\hi(V{S)\DI) < C. 

Similarly, using (5.50), we obtain that 

\\di'EQ2{-,Xs)\\H-'^/2{dD2) + W^mi'^ ^s)\\H^/2{dD2) - ^ll-^02("' ^<5)ll/fi(y(<5)\D^) 



It follows from ( |5.47[ ), ( |5.67| ) and ( |5.69D that 

ll^i'^^^ll//-i/2(aDi) + ll^l'll//i/2(aDi) ^ \\duG{-,Xs)\\H-i/2(^gDi) + \\G{-,X5)\\Hi/2[aDi) 

+ \\d>^Kii-^^s)\\H-y^dD^) + \\Kii-'Xs)\\m/\dDi) < C"- 



Similarly, (jOTj), ([5^ and ( [57fO| ) yield that 



+ \\duE+{-,xs)\\H-i 



/2(aD2) 



+ 11^, 



02(."'^<5)llHi/2(aD2) 



(5.69) 
(5.70) 

(5.71) 
(5.72) 



Let us start estimating the boundary terms on the right hand side of (5.55). First for the second and 
third terms in the last expression for /i, given by (5.43), using ( 5.67| ) and (5.71), we have 

\{{du + iA+ ■ i^)ut,v)(^H-^/^,m/^)idD^) - (uf^ (du + iA-^ ■ z^)w)(Hi/2,//-i/2)(aD,)| 

< C(||3j.u5^||^-i/2(g£,^)||f ||^i/2(g£,^) + ||^i|||/fi/2(aDi)ll^!^^llH-V2(aDi) (5-73) 

+ ll'"i'llL2{aDi)ll'y|lL2(aDi)) < C- 



Let D = D2\{Bn D2). Then as dist(x5, dD) > 1/C, ( |5i36| ) implies that 

\\duV{-,Xs)\\H-i/2(^9n2\T{B)) + lb(->a;5)||Hi/2(9D2\r(B)) < C\\v{-,xs)\\iji0) < C. 



(5.74) 



Let us now estimate the last two terms in /i, defined by (5.43). Using (5.72) and (5.74), we have 
\{{du + iA+ • i/)u^, ^^)(H-i/2,Hi/2)(aD2\r{B)) 
- (n+, {d^ + iA+ • l^)^')(Hl/2,/^-l/2)(eD2\^{B))l 



< C'(||c^i/M^ ||//-i/2(9£)2)||t'||j/i/2(a£)2\r(B)) + ll"2'llHi/2(ai:)2)||5;,i;||^-i/2(5£,2\r(B)) 



(5.75) 



2 llHV2(ai:)2) 1^11^1/2(01)2 \r(B))- 



Let us estimate the first term in the last expression for Ii in (5.43). To that end we shall need the 
following estimate, which is a consequence of the representation (5.47) of together with (5.50) and 



(5.68), 



\u2 \\m{BnD2) < \\G{-,x{6))\\hi{D2) + \\Eo2{-,xiS))\\ 



HHD2) 



Using (C.13) and (5.76), we get 



r(B) 



C2U2 vdS 



< C\\u2 ||L2(r(B))||v||L2(r(B)) < C\\u2 ||//i(BnD2)^«('^) 

< C<5l-"/Vn(<J), 



(5.76) 



(5.77) 



where /Un(5) is defined by (5.58). 



Summing up, (5.73), (5.75) and (5.77) imply that 
as (5 — )- 0. 



(5.78) 
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We shall estimate I2, given by (5.44). We have 

I/2I = \ ib2idu + iA2 ■ '^)U2 ,v)(^H-i/2 jji/2)(^gBnD2) 

< C{\\duU2 ||//-i/2(aBnD2)ll'"ll^^^/2(aBnD2) + 11^2 \\H^/'^(dBnD2)\\^'^'"\\H-^/2{dBnD2) 
+ 11^2 ll/fi/2(aBnD2)ll^llj^^/2(9BnD2))- 

We proceed by estimating all terms in the right hand side of the above inequality. To that end let 



(5.79) 



L> = L»2 \ (-B n L»2)- Then as dist(x5, dD) > 1/C, ([5^ implies that 

\\duvi-,xs)\\H-y2(^QBnD2) + ll^(-'^5)ll/fi/2(aBnz)2) - C\\vi-,xs)\\jji0^ < C. 



(5.80) 



By the definition (5.47) of U2 , we get 



\duU2 llH-i/2(aBnD2) + 11^2 ll/fV2(9BnZ?2) 

< \\duG{-,xs)\\H-i/2{dBnD2) + \\G{-,xs)\\Hi/^dBnD2) 

+ \\di^EQ2{-,Xs))\\H~i/2(^dBnD2) + ll^02(-'^5)ll/fi/2(aBnD2)- 



(5.81) 



We shall estimate all terms in (5.81). First similarly to (5.80), we have 



\\duG{-,xs)\\H-i/'2(^SBnD2) + \\G{-,X5)\\H^/^dBnD2) ^ 
The second equation in ( 5.48| ) implies that 

AE^2{; xs) = - 2iA^ • VE^2{;Xs) + {-iV • A:^ + {A^f + q^)E^2{;Xs) 

+ f2 on ^2, \\f2\\L2{D2)<C\\G{-,Xs)\\m(D2)- 



(5.82) 



Thus, we conclude from (2.1) and (5.50) that 



||9^So2(-'^'5)|liy-i/2(aBnD2) ^ C'(ll^-^02(-'a;5)||L2(BnD2) + ll^02(-'a;5)||//i(BnD2)) 

< C{\\E^2{;xs)\\m(D2) + \\G{;xs)\\m^D2)) < Cd^-""'^. 
It follows from (5.81) with the help of ( 5.82[ ), (5.83) and the trace theorem that 



\dyU2 



/2(9BnD2) 



+ \\u 



2 llHi/2(aBnD2) 



We conclude from ( |5.79D , ( |5.80D and ( |5.84[ ) that 

II2I < C5^""/2. 



(5.83) 



(5.84) 



(5.85) 



We shall now complete estimating the boundary terms in the right hand side of (5.55). First, similarly 



to the estimate (5.85) for /2, we get 

I ((62 - 02)^2 ,9,,v)(^l/2^^-l/2)(aBnD2)l 



(5.86) 



Using (5.80) and (5.49), we obtain that 



|((&2 - 02)02 Ml it^r^^^){Hi/2,H-i/2)(aBnD2)l ^ ^ll""! 11^1/2(05002) ll^''^llH-l/2(aBnD2) 

< C(||G(-,X5)||^i/2(a^n£,2) + 11-^01 (■' ^'5) ll//i/2(9BnD2)) 



(5.87) 



< C(||G(-,X5)||^i(5) + ||^(Jl(-,X5)||j:^i(^,(5)\^)) 
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Let US next estimate the following terms in the right hand side of (5.55), which contain only v, 
and Vug , 



BnD2 



vdx 



BnD2 



(V62 • )vdx 



'B2nD2 

Then using (5.76) and (C.8), we have 



J Br\D2 

+ f ■ A+) + {A+f + q+){h2-a2)u:^vdx. 

JBoHDo 



Ihl < C\\u2 \\m{BnD2)\ML2{BnD2) < C6'^ "/^r„((^), 



(5.88) 



where r„(5) is given by (5.59). 
Similarly, we also have 

/ («(V • A+) + {A+f + g+)a2 - a2)utvdx 
JB2nD2 

C\\ut\\L2{BnD2)M\L2{BnD2) < C(.Tn{S)f 



(5.89) 



< 



We shall estimate the following terms in the left hand side of (5.55), which contain Vf and tig , 

14:= / (V a2 ■ 'Vv)u2 dx + / {ia2A~^ — ib2A2) ■ U2Vvdx 
JBr\D2 JBr\D2 

+ / % (V(62 - 02) + 2i{h2 - a2)A+) ■ Vvdx. 
JBr\D2 

We shall only estimate the first term in /4, the estimates for the other two terms being similar. Since 
we do not have an L^-estimate for which is better than the if^-estimate, we shall first integrate 
by parts. We have 

/ (Va2 • Vv)u2dx = — {vVa2 ■ Vu^ + VU2 Aa2)dx 



d{Br\D2) 



{dua2)vu2 dS. 



Proceeding similarly as for I3, we get 

/ (vVa2 • Vtig + VU2 ^a2)dx 
JbdDo 



Using the trace theorem, (5.76) and (C.13), we obtain that 

< C\\U2 \\L2{d(BnD2)) \\v\\L2{d{BnD2)) 



/ {d^a2)vu2 dS 

Jd(BnD2) 



< C\\U2 \\H^(BnD2)\\'"\\L2{d{BnD2)) ^ ^6^ "/^^„(5), 
where /U„(5) is defined by ( 5.58| ). Hence, 



BnD2 



(Va2 • Vv)u2 dx 



< C5l-"/Vn(5), 



and similarly. 



II4I < C75i-"/Vn('^). 



(5.90) 



In order to finally estimate the following term in the right hand side of (5.55), 

15:= / B-ulVvdx, S := V(a2 ^(62 - 02)) + 2*02^62 - 02)^^ 
JBnDo. 
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ld{BnD2) 



[v ■ B)uivdS, 



we integrate by parts. We have 

h = - [ {{B- Vuf)v + (V • B)utv)dx + [ 

JBnD2 Jd( 

and therefore, using ( C.8| ) and (C.13), we get 

l-^sl < C{\\Ul\\m{BnD2)\H\L2{BnD2) + \Wl\\L2{d(BnD2))\\'"\\L^(diBnD2))) 
< C\\ut\\H^BnD2)irn{S)+^lni6)) < C5^-"/Vn(<5). 

In the last inequahty we have used the fact that 

htWmiBnDi) < \\G{-,xs)\\m(BnD2) + \\Eoii-'^s)\\m{BnD2) < C^^^"/^. 



(5.91) 



Summarizing and keeping in mind (5.60), we conclude from (5.55) with the help of all estimates (5.65), 
( 5?78l ), KS^, ( [5^ , ( [5^ , ( [5^ , ( |5.89D , and ( [5^ tha t the absolute value of the right hand 

side of (5.55) is bounded by C6^~^^'^fj,n{S)- This together with (5.57) implies that 



C 



2-n 



< 



-^(62-a2)|VGo(-,x((5))pdx<C5i-"/Vn.(<5), as 5^0. 



In view of (5.61) we get a contradiction, which shows that Di = D2 =: D. 

Remark 5.2. When showing the unique identifiability of the obstacle, we have only used the condition 
ajbj = 1 in Dj in order to achieve the unique solvability of the transmission problems in the regions 
V{5) and Jl, the latter in the application of Lemma 



5.1 



In particular, this condition has not been used 



in all the estimates of this subsection. 



5.4. Recovery of the transmission coefficients on the boundary of the obstacle. In this 
subsection, we shall carry out all the computations and estimates not using the condition ajbj = 1 in 
D, j = 1,2, with the only occurrence where this condition is needed being an application of Lemma 
5.11 below. 



Let {ui,u-^ ) G H^{Q \ D) x H^{D) satisfy the following transmission problem with j = 1, 

= in Q\D, 



- = ajuj 



on dD, 



(5.92) 



(du + iA^ ■ u)uj' = bj{du + iA- ■ u)u- + CjU- 



on dD, 



such that supp {ui\qq) C 7. Then since 

C^(y4+, g+, A{,q:^,ai, 61, ci; D) = C^(^+, g+, ^3 , ^2", 02, 62, C2; D), 
there is (u^,U2 ) G H^{Q \ D) x H^[D), which satisfies the transmission problem (5.92) with j = 2, 



and such that 



ul = U2 on dVL, supp (n^lan) C 7, 

{du + lA^ ■ h')uf = {du + iA^ ■ v)u2 on 7. 



(5.93) 



It follows from (5.92) that 



and (5.93) that 



til 



- M^) = on n\D, 
dyU^ = dyU2 on 7. 



As G W^'°° and q'^ G L°° , and VL\D \s connected, by unique continuation we get 

u'^ = U2 on Q. \ D. 
Since u'\^,u^ ^ H^{Vt \ D) and Au^ e L'^{fl\D), we have 



^2 , 



d,yuf = dyU2 on dD. 



(5.94) 
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Then by (5.94) and the first transmission condition in (5.92) we get 



Ur. = — n, on oU. 



The second transmission condition in (5.92) together with (5.94) imphes that 

[dv + iA^ • iy)u2 = 7^(5y + lA^ ■ u)u^ + (cia2 — C2ai)u^ on dD. 

02 0202 



We have 



^A-,q- (^2 - «1 ) =2^(^2 - ^1 ) • + (fV • - A^ ) 

+ {^1? - {^2? + li - (12)-^! in D. 



Let V G (D) be a solution to 



^2 '92 



in D. 



Then by the second Green formula (2.7), we get 



+ ((^^2 -ul),{du + iA^ ■ i^)^^~)(//i/2,H-i/2)(0D)- 



Substituting ( |5.95[ ), ( |5.96[ ) and ( |5.97[ ) into ( |5.99[ ), we obtain that 
2i(A2' - AJ') • Vuj" + i(V • (^2^ - A^))u^)v^)dx 



D 



+ / ((^1 ) - (^2 ) - 92 )^i ^"^^a: 



D 



b2 



+ 



{/f-i/2,Hi/2)(9D) 



1 ,duv' 
— *— (c2ai - cia2)n];,w" 

02O2 / i2(ai5) 



L2{dD) 



(5.95) 



(5.96) 



(5.97) 



(5.98) 



(5.99) 



(5.100) 



In what follows we shall use a linear continuous extension of a Lipschitz function a G L[p{dD) to a 
Lipschitz function a* £ Lip(D). In order to define such an extension, following [T^], we consider a 
finite open cover {Uj}jLi of dD such that Uj Ci dD is the graph of a Lipschitz function Xn = 7j(x'), 
x' = (xi, . . . ,x„_i), after appropriate relabeling of the coordinates. Let Xj ^ ^o^i^j) be such that 
< Xj ^ 1 and Xj = 1- We define a*{x) = Xi{x)0'{x' ,^j{x')) when a; E C/j, j = 1, . . . ,iV. Then 

o* = CL* is the desired extension of a. 

Let ^i,/i2 G Lip(D) be two Lipschitz functions. Then we have 



{fj.iduu^,v )(H-i/2,/fi/2)(aD) = •'^^ 

+ / (V;Ui • Vn|f + /UiAu^f )t'^(ix = / fiiVu^ ■ Vv^dx + / (V/.ii • Vn|f )t>^(ix (5.101) 
Jd Jd Jd 

+ / fii{-2iA^ -Vu^ - i{V ■ A];)u]; + {{A^f + q^)u^)^dx. 



D 



Using the fact that 



C_.- -V =0 in D, 

^2 '''2 
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we also have 

+ / (V^2 • Vf ~ + ^2^^^^)^^^*^^ ~ / fJ'2^U^ ■ Vv~dx + I (V/U2 • Vl'~)ti^(fx 



D 



D 



(5.102) 



D 



+ / ^2(2^^2 • Vv + i{V ■ )v~ + ((^2 f + I2 )'"~)'^\ dx. 



D 



Letting 



^1 



Ol 

a2 



we conclude from (5.100), using (5.101), (5.102), as well as an integration by parts 

D \ \a2 



• Vv I dx 



V dx + 



(c2ai — cia2)u^ ,v 

020-2 / L^OD) 



+ 



ai 



D \a2 
bi 

D \b2 



(2i^2 • '^^^ + ^(^ • ^2 + ((^2 f + 12 

{-2iA{ ■ Vu{ - i{V • A^)u^ + ((^1^)^ + q^)u^)tFdx 



(5.103) 



L^{dD) 



The identity (5.103) is valid for any (uf^u^ ) G H^{Q \ D) x H^{D), which satisfies the transmission 
problem (5.92) with j = I and such that supp (n^lan) C 7, and any v G H^{D) satisfies (5.98). 



By Lemma 5.1, (5.103) can be extended to all G H^{D) such that 



^A-r,-u-i =0 on D. 



(5.104) 



We shall use (5.103) for fundamental solutions of the equation (5.98) and (5.104) with poles outside 
D. 



Next, we would like to show that 



^1 '^i n ^r, 
p := =0 on oD. 

02 a2 



(5.105) 



If there is a point xq G dD such that p{xq) 7^ 0, then without loss of generality we may assume that 
p{xo) > 0. Hence, there is an open ball, centered at xq, such that 

p* >0 on BnD. 

Define 

xs = X0 + Si'{xo), 

for > small so that xs £ B. 

Let us extend Aj and qj,j = 1,2, to the whole of M" so that the extensions, which we denote by 

the same letters, satisfy Aj G ^'^■'^(M") and qj G L°°(M"). Let G{x,y) and G{x,y) be fundamental 
solutions of the operators C a- and Ca- -, respectively, which satisfy (|B.1|) and (IB. 21). Then we 



set 



By (B.5), we get 



u-^ = G{-,xs), V = G{-,xs). 



Vui =VGo{-,xs)+Ri{-,xs), Vv =VGo{-,xs) + R2i-,xs), 



(5.106) 



INVERSE TRANSMISSION PROBLEMS FOR MAGNETIC SCHRODINGER OPERATORS 



37 



where Gq is the fundamental solution of —A, given by (B.3), and 

Rj = 0{\x - xsl'^-'') 



as 5 — )• 0, j = 1, 2. 



D\BnD 



+ 



BHD 



By (C.5), we have 



C 



Vn-^ • Vv dx 



For and v , given by (5.106), we write 
where 

In := 



BnD 





( ax 








( a\ 


hi) 


\02 



iVGopdx + Io, 



) (VGo -112 + Ri- VGo + Ri ■ R2)dx. 



^ ^'VGol'^dx, as 5^0. 



(5.107) 



(5.108) 



Substituting and f , given by (5.106), into (5.103) and moving Iq to the right hand side, we shall 
show that the absolute value of the right hand side of (5.103) is bounded by C5^~"/^/x„((^), where 
liniS) is defined by (5.58). The first integral in /q, which is defined by (5.107) is bounded because 



dist(x5, d{D \ B n D)) > 1/C for some C > 0. Similarly to (5.63) and (5.64), for the second integral 
in Iq, and hence, for Iq, we have 



|/o| < C(5^""/Vn(5), as 5^0. 



(5.109) 



Furthermore, it follows from (C.7), (C.8) and ( |C.13 ) that the absolute value of right hand side of 
(5.103) is bounded by 



\\L^D)\\Ul\\L^D) + \NU;^^\\l2(D)\\v WlHD) + \\Ui\\l^D)\\v \\l2(D) 

+ hx\\mdD)\\v-\\LHdD)) < C(5i-"/V„(<5) + (r„(5))2 + {isn{5)f) < C5i-"/Vn(<5). 



Hence, using (5.108), (5.109) and (5.110), we conclude from (5.103) that 



1 



:2-n 



< 



BHD 



^iVGol^dx < C7(5i-"/Vn(<5), as <5 ^ 0. 



This contradiction shows (5.105). 



By the definition of the extension, (5.105) implies that 



on D. 



(5.110) 



(5.111) 



Next we shall show that 



/? := cia2 — C2ai = on dD. 



(5.112) 



As above, if /3 7^ 0, there is a point xq £ dD such that /3(xo) 7^ and an open ball B in M", centered 
at xq such that without loss of generality /3* > on B n D. Also as before, we define xs = xq + Su^xq) 
for 5 > small so that xs £ B. 

We set 



r{B) := dDDB, 
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Substituting ( |5.111 ) into (5.103) and integrating by parts, we get 



(cia2 - C2ai)u^ ,v~ 

02«2 / L2(r{B)) 



(c2ai — cia2)u^ , V 



L2(aD\r(B)) 



+ 



+ 



D V \(^2 



ai 



ai 



0-2 



+ — ] - ) • (n^ Vv- - v-Vu-^ )dx 



(5.113) 



D 



The idea in the above computation is to make the gradients of u-^ and v occur only in the expression 
u~['SJv^ — v^Vu^ , but not anywhere else. 

For Ui and , given by ( 5.106| ), we conclude from (B.4) and (B.5) that 

n^; = Go(-,X5) +ri(-,X5), = Go{-, xs) + r2{-, xs), (5.114) 



where Gq is a fundamental solution of —A, given by (B.3), and 

^ogr-^, n = 3, 



\rj{x,xs)\ < C 



\x — xs 



\x-xs\ ' 

3-", n > 4, 



\Vrj{x,X5)\<C\x-xs\^~'', n>3, as 5-^0, j = l,2. 
For Ui and , given by ( 5.106| ), we write 

( — '^(cia2 - C2ai)u^,v~ 
\02a2 



L2{r(B)) Jr{B) 



6202 



[cia2 - C2ai)\Go{x, xs)\'^dS + h, 



where 



1 



By (C.ll), we have 
where 



r(B) ^202 
1 



(cia2 - C2ai)(Go(r2 + ri) + rir2)dS. 



dS < 



r(B) \x - x^pC" 2) 

cr„((5) : 



r(B) 



6202 



logT, n = 3, 



n> 4. 



Notice that for all n > 3, 



{Tn{S)f = o{an{6)), as 5^0. 



Since dist(x5, dD \ T{B)) > 1/C for some C > 0, for and f , given by (5.106), we get 

1 



6202 



(c2ai - cia2)U]^ 



< C. 



L^(dD\r(B)) 

By (5.114), we have 

Vw~ — i'~Vti^ = GoV(f2 — ri) + (ri — f2)VGo + riVf2 — r^Vri. 



Therefore, using (5.115), we get 

\u^Vv^ — v^Vuil < C 



\x-xs\ ^log^^, n = 3, 

|2(2-n) ^ > 4_ 



\x — xs\ 



Hence, using (|C.4|) and (|C.6|), we have 



D V \(^2 



+ 1 



{A2 - ^1 ) • (u^ Vv" - v^Vu^ )dx 



< CiTni5)f. 



(5.115) 



(5.116) 



(cia2 - C2ai)\Go{x,xs)\'^dS, (5.117) 



(5.118) 



(5.119) 
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Furthermore, for and v , given by (5.106), using (C.8), we obtain that 



D 



ai 



(^2 + ( - j ((^2) +92 -{A^Y -qi)ju^v-dx 

< C{Tn{6)f 



(5.120) 



Using (5.115), (C.IO) and (C.14), for the integral /i, given by (5.116), we get 



|/i|<c({^(^)^^V°^'''~'^''^^' ""'^^ <C{Tn{5)?. (5.121) 
[jr{B) |x-xi|2"-5' n > 4. 

We conclude from ( [slTsl ) with the help of ( [SlTfl ), ( [sTTsl ), ( [sITqI ), ( [5l20l ), and ( [5l2l| ) that 



fTn(5) < 



r{B) 



62^2 



{cia2 - C2ai)\GQ{x,xs)\^dS < C{Tn{5)Y , as 5-^0. 



This contradiction shows that (5.112). 



Hence, (5.105), (5.112), and the fact that ajbj = \ on D imply that 

ai = 02, hi = 62, ci = C2, on dD. 



(5.122) 



5.5. Recovery of the magnetic and electric potentials. In this subsection we shall assume that 
dD is of class C^'^. Then using (5.122), we get 



C^(^+, ^2,^2, 0-2, b2, C2; D) = C^(^+, g+, , 02, 62, C2; -D). 

Let (ufjU^) G H^{Q \ D) x H^{D) satisfy the following transmission problem with j = 1, 

^A+,(j+^/ = ill \ I?, 

u'j = 02 u J on dD, 

{du + lA^ ■ iy)u^ = b2{du + iAj ■ u)uj + C2uJ on 



(5.123) 



(5.124) 



such that supp {ui\qq) C 7. It follows from (5.123) that there is (u^,ti2 ) € //-"^(Sl \ D) x H^{D), 
which satisfies the transmission problem (5.124) with j = 2, and such that 



u+ = on di}, supp (n^lan) C 7, 
{d^ + ij4+ • i^)n]'' = {di, + iA^ ■ v)u2 on 7. 
By unique continuation, we have 

= U2 , duuf = duU2 on dD, 



and therefore, using the transmission conditions in (5.124), we obtain that 



Ui = U2 , {du + iA-^ ■ i')ui = {dy + iA2 • v)u2 on dD. 

We have 

^A-,,-(^2 - =2^(^2 -A^)-Vu^ + (iV • {A2 - A^) 

+ {Aif - {A2f + qi - q2)ui in D. 
By the second Green formula (2.7), using ( 5.125| ), we get 

where v~ S H^(D) is a solution to 

C -v~ = Q in D. 

^2 '92 



(5.125) 
(5.126) 

(5.127) 
(5.128) 
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Substituting (5.126) into (5.127), and integrating by parts, we have 



L 



D 
+ 



D 



) ■ (v VU]^ — Vv )dx 
(A^)^ + ~ q2)uiV^dx = 0, 



which is vahd for any u-^ G H^{D) and v G H^{D), satisfying £^-^-ni 



(5.129) 



in D and (5.128), 



respectivefy. Here we have used Lemma |5.1[ 

By |33[ Theorem 5.8], there is ipj S C"^'^(-D,M) which satisfies ipj = on dD and di^tpj = —Aj • u 
on dD, j = 1,2. It follows from (1.5) that Aj can be replaced by Aj + Vipj, j = 1,2. Hence, we 
may and shall assume that the normal components of Aj satisfy Aj • = on dD, j = 1,2. Then 
by Proposition 6.4 below applied to each connected component of D, we conclude form (5.129) that 
= A^ oil 

Let B C M" be an open ball such that D dd dd B . As the boundary of is connected, we 
get that B \ D is connected. Since A^ = on dD, we can extend and A^ to B so that the 
extensions, which we shall denote by the same letters, agree on B \ D, have compact support, and 
satisfy A~,A~ £ W^'°^{B). We also extend qj to B so that qj G L°^{B) and q~ = on B \D, 
j = l,2. 



Hence, (5.129) yields that 



B 



+ 



{{A^f - {A^f + q^ - q2)u^^dx = 0, 



(5.130) 



B 



for any G H^{B) and v G H^{B) , which solve 

in £ 



'2 '52 



in B. 



Notice that identity (5.130) is exactly what one encounters when solving the inverse boundary value 
problem for the magnetic Schrodinger operator. The next step is therefore to construct complex geo- 
metric optics solutions for the magnetic Schrodinger operator on B. Using the method of Carleman 
estimates, complex geometric optics solutions were constructed in [7J for C^-magnetic potentials, and 
in [201, the construction was generalized to less regular magnetic potentials, including the Lipschitz 
continuous case. We refer also to ^22j, where this construction was reviewed in the latter case. Sub- 
stituting these complex geometric optics solutions into (5.130) and arguing as in [71 [291 |33l |38] , see 
also |22| Theorem 1.1], we conclude that there is a function ip G C^'^{B such that 4'\dB = and 



A- - AT = Vip in B. 



(5.131) 



Since the potentials A2 and A^ agree on the connected set B \D, it follows that ^ = on dD, and 
therefore, using (1.5), we can assume in what follows that A2 = A^ in D. Going back to (5.129) and 
arguing as in [Tj 1291 |33l iMj , see also |22| Theorem 1.1], we conclude that 

Qi = <h in D. 

The proof of Theorem |1.1| is complete. 

Remark 5.3. Assuming that zero is not a Dirichlet eigenvalue of the operator C^- ^- 

together with a priori estimates for the Dirichlet problem for C,- 
I i 

C{A2 , qi). Here we write for j = 1,2, 

-w 



(5.132) 

iuD, j = 1,2, 
- in D, we get 



using Lemma 
C{A-^,ql 

C{A-,q-) = {{w\dD,{dr, + iA'J ■v)w\3d) : w G H^{D),C^- g-w = in D}. 
In this case we can conclude that ( |5.131 ) and ( 5.132| ) hold by appealing directly to the results of 
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6. Boundary reconstruction of the magnetic potential 



When recovering the magnetic potential in Theorem 1.1 , an important step consists in determining the 
boundary values of the tangential component of the magnetic potential. The purpose of this section 
is to carry out this step by adapting the method of [3j. Compared with the latter work, here we do 
not assume that the Dirichlet problem for the magnetic Schrodinger operator is well-posed. 

Let Q, C M", n > 3, be a bounded domain in M" with boundary. Notice that such a regularity of 
the boundary is important in the method of |3]. 

To circumvent the difficulty related to the fact that zero may be a Dirichlet eigenvalue we shall require 
a solvability result for the magnetic Schrodinger operator, which is based on a Carleman estimate with 
a gain of two derivatives, obtained in pij . We have learned of the idea of using a Carleman estimate 
to handle the case when zero is a Dirichlet eigenvalue from the work [31] on the Dirac operator. 



Proposition 6.1. [34J. Let (p{x) = a ■ x, a G M", \a\ = 1, and let (pe = (f + be a convexification 
of (p. Then /or < /i <C e <C 1 and s G M, 



h 



\u\ 



H 



scl 



2 < C\\e'^^'''{-h^ ^)e'^^/^u\\Hs , (6.1) 



for alluG C^{n). 
Here 



scl 



WihDyuh., (o = (l + |eP)^/^ 



is the natural semiclassical norm in the Sobolev space H^{M'^). 

The following result concerns a similar Carleman estimate for the magnetic Schrodinger operator CA,q 
with s = —1. 

Proposition 6.2. Let A e W'^^°°{QX'^), Q e L'^{n,C), and let ip{x) = a- x, a £W, \a\ = 1. Then 
for h > small enough, 

h\\u\\j,,^_ < C\\e^/\h^CA,g)e-'^/''u\\^-^, (6.2) 

for allue C^{n). 
Proof. Let us write 

where 



scl 



We have 
and 



£a,<7 = -A + A-V + q, 
A := -2iA e W^'^^in, C"), q = -i(V ■ A) + A"^ + q e L°^(17, C). 



e'^^/'^ih^A ■ V)e-^-/^ = h^A-V -hA- Vip,. 
Let < e ^ 1 be independent of h. Then for h small enough, 



\\h{A ■ V<Ps)u\\rr-l < h 



scl 

We have 



A- {l + ^ip]Vip]u 



<Ch\\u\\Hi. (6.4) 



L2 



h'^A ■ Vu = h{hV){Au) - h^{V ■ A)u. 
Since the operator hV maps L^(il) — if~[^($7), we get 

\\h{hV)iAu)\\^-. < hC\\Auh2 < ChWuW^, (6.5) 

and _ 

||/i2(V • A)u\\jj-i < CH'^WuWhi . (6.6) 
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Fixing e > small enough, and combining (6.1), (6.3), ( |6.4[ ), (6.5), and (6.6), we obtain that 

h\\u\\Hi < C\\e^/^e'^'/^^'\h^CA,q)e-^^^e-^'/^^'K\\j^-i. 

scl scl 

The claim follows. □ 

The formal L^-adjoint of the operator = e'^/^{h'^CA,q)e-'f^^ is given by £* = e-'f/^{h^C^^-q)e'f/^. 
The estimate (6.2) also holds for the formal adjoint £*. 



Using the Hahn-Banach theorem, one can convert the Carleman estimate (6.2 ) for £* into the following 
solvability result. We refer to |17) and [21] for such an argument. 

Proposition 6.3. Let A G VFi'°°(Jl, C"), q € L°°(17,C), and let Lp{x) = a - x, a £W, \a\ = 1. // 

h > small enough, then for any v G H^^{Q,), there is a solution u G H^{Q) of the equation 

e'^l^{h^CA,q)e-'^'^u = v in ft, 

which satisfies 

II II '^11 II 



Here 



\H-}{n) = sup 

scl ^ ' . ^ y^r^ / 



The following proposition is an extension of the result of [3J . Notice that here we do not assume the 
well-posedness of the Dirichlet problem for the magnetic Schrodinger operator. 

Proposition 6.4. Let $7 C M", n > 3, be a bounded domain with boundary, and let Aj E 
1^1'°° (17, C") and Qj G L°°(J7,C), j = 1,2. Assume that the identity 

/ i{A2 - Ai) ■ {uiVu^ - W2Vui)dx + / ((As)^ - (^i)^ + ^2 - qi)uiW2dx = 0, (6.7) 
Jo, Jn 

holds for any ui £ i^^(r2) and U2 G H^{^1), satisfying 

^AuqiUi = in ri, U2 = in 17. 

Then 

r ■ {A2 - Ai){xq) = 0, 
for all points xq € dQ and all unit tangent vectors r G Txg{dQ). 

Proof. We shall follow closely [3]. As 11 is a C^-domain, it has a defining function p G C"'^(M",M) such 
that Q = {x £ M" : p{x) > 0}, dQ = {x : p{x) = 0}, and Vp does not vanish on dO.. We fix xq G dO,, 
and a unit vector r, which is tangent to 517. We normalize p so that Vp(xo) = —u{xq) where v is the 
unit outer normal to dVt. By an affine change of coordinates we may assume that xq is the origin and 
i/(xo) = — e^, and therefore, V/9(0) = e^. 

Let oo{t), f > 0, be a modulus of continuity for Vp, which is a strictly increasing continuous function, 
such that a;(0) = 0. Let r? G C^(M",M) be a function such that supp (r?) C 5(0, 1/2), and 

ri{x',Qfdx' = 1, 

where 5(0,1/2) is a ball of radius 1/2, centered at 0, and x' = (xi, . . . , x„_i). We set r]M{x) = 
ri{Mx',Mp{x)), for M > 0. Hence, for M > large enough, supp (t^m) C 5(0, 1/M). Following [3], 
for > 0, we define vq by 

t^o(x) = 77M(x)e^(^^-^-''(^)). (6.8) 
The function vq is of class with supp (fo) C 5(0, 1/M). Following [3], we relate the parameters N 
and M by the equation 

M~'^uj{Ar^) = N~^. (6.9) 
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As 00 is strictly increasing, the equation (6.9) has exactly one solution N for each M. Since uj{t) — )■ 
as t +0, there is Mq such that a;(M^) < 1 for M > Mq. We shah assume that M > Mq and 
therefore, N > M. 

Let vi G be the solution to the following Dirichlet problem for the Laplacian, 

— At>i = AfQ, in 
vi\dQ. = 0. 

We shall need the following estimates, obtained in [5, 

ll^ollL^(n) < CM^^-)I^N-'I\ 



lim W 

M-s>oo 



l-n AT-l 



and 



(6.10) 
(6.11) 
(6.12) 

(6.13) 
(6.14) 



Next we would like to show the existence of a solution ui G H'^{VL) to the magnetic Schrodinger 
operator 

jCai,(Ji^i = in rj, (6.15) 

of the form 

ui = vo + vi + n, (6.16) 

with 

\\ri\\m{n) < C\\vo + viU^^n) < CM^^-^^/^N-^'\ (6.17) 
To that end, plugging (6.16) into (6.15), we obtain that 

CA^,q^ri = 2iAi-V{vQ + vi) + {iV -Ai-iAif -qi){vo + vi) in n. 



Applying Proposition 6.3 with /i > small but fixed, we conclude the existence of ri G H'^{Q) such 
that 

< C\\2iAi ■ V(wo + vi) + (iV • Ai - {Aif - qi){vQ + vi)\\H-i(n)- 

Let ijj £ H^{^). Then 

\{2iAi ■ V{vo + vi) + (fV • Ai - {Aif - qi){vo + ^^i), V')(H-i,/fi)(n)l 

< |(V- (2iAi(?;o + wi)),?/')(j^-i_j:^i)(f^)| + C||vo + t;i||L2(Q)||^||i2(Q) 

< C\\vo + vi\\L2^n)\\'il^\\H^(n), 



which implies (6.17). 
Similarly, let 

■"2 = ^^0 + ^^1 + r2, 
where r2 G H^{^) satisfies (6.17), be a solution of ^A^q^U2 = in il. 



(6.18) 



The next step is to substitute ui and U2, given by (6.16) and (6.18) into the identity (6.7), multiply 
it by M"~^ and compute the limit as M — t- oo. To that end we have 



and 



= (Vmi^) + m{x)N{iT - Vp(x))e^(*^-^-^(^)), 
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Thus, by (6.12) and (6.13), we get 



lim M""^ / {A2 - Ai) ■ {voVv^ - v^\7vo)dx 



= -2i((^2 -^i)(0) -r) lim W-^N I r]l^{x)e-^^P'^^Ux 

-2i lim M"-iiV / ((^2-^i)(x)-(^2-Ai)(0))-T??l^(x)e-2^^(^')dx 

= -i{A2 - Ai){0) ■ T. 
Now ( |6.10D , ( |6.11D and ( |6.17D imply that 

ll%llL2(Q)<CM(l-")/2iV-l/2, i = l,2, 

where ui and tt2 are given by ( |6.16 ) and (6.18), respectively. Using (6.14) and (6.20), we 

M""^ / {A2 - Ai) ■ (uiVtJI - u^Vvi)dx 
Jn 



< 



CM^-'i\\uiU2^n) + \\u2\\mn))\\'^viU2^n) < Clo{M-') 



< 



CAr-^(||ni||i2(^)||Vr2||z.2(n) 



By (6.17) and (6.20), we obtain that 

M"-^ [ {A2 - Ai) ■ (mVf^ - u^Vri)dx 
Jn 

+ \W2\\LHn)\Nn\\L2(^n)) < CN~' = CM-'co{M-'). 
Furthermore, since vi\gn = 0, we have 

/ {A2 - Ai) ■ {{vi + ri)Vv^ -(vl + r^)Vvo)dx = h + h, 
Jn 



where 



^1 := - / ((V • {A2 - Ai)){vi + ri)v^ + {A2 - Ai) • {Vvi + Vri)v^)dx 
Jn 

+ / ((V • {A2 - Ai)){v^ + r^)vo + {A2 - Ai) ■ {VvT + Vr^)vo)dx, 
Jn 



and 



dn 



{{A2 - Ai) ■ u)rimS - / {{A2 - Ai) ■ u)r^vodS. 



an 



It follows from ( |6lo| ), ( |6lT| ), del?) ) and that 



M"-Vi| < CM"-^(||t;i||i2(f,) + \\Vvi\\l2(^^) + ||ri||^i(f,) + \\r2\\min))\\vo\\mn) 



A direct computation shows that 



This together with the trace theorem and (6.17) implies that 

M«-V2| < CM^-\\\n\\H^n) + \\r2\\m(n))\\vo\\man) < CN'^^ 



Using (6.20), we get 



M 



/ ((^2)^ - (^1)^ + 92 - q\)uiU2dx 
Jn 



< 



CM^-'\\ui\\L2^n)\\u2\\LHn) < CN'' = CM-'uo{M-'). 
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Hence, it follows from ([6J]) together with ^J9^, ( |6^ , ( [6l22| ), ^Is^ , (|6^, and ( |6^ as M 
that (^2 — ^i)(0) • r = 0. This completes the proof. 



7. TRANSMISSION SCATTERING PROBLEM 



OO 



□ 



7.1. Direct scattering problem. Let D C M", n > 3, be a bounded open set with Lipschitz 
boundary such that D+ := R"-\D is connected. Set also = D, and let £ W'^'°°{D^ ,C ), e 
L~(D±,C), a,b£ C^'\D,R), c £ C(D,R), /± G H'^D^), go £ H^/^{dD), and gi £ H-^''^{dD). In 
what follows, we shall assume that A"*", g+ and are compactly supported. 

Let > and for («"'", u~) £ H^^^{D^)x H^{D), we consider the following inhomogeneous transmission 
problem, 

iCA+,g+{x,D,)-k^)u+ = f+ in D+, 
{^A-,q- {x, Dx) - k^)u~ = /" in D~ , 
= au^ + go on 91), 

+ iA'^ ■ v)u^ = h{dy + lA^ ■ v)u^ + cu^ + gi on 

{dr — ik)u^ = o(r^^"^"'"^/^), as r = \x\ — )• oo, 
and the corresponding homogeneous transmission problem, 

(£^+,,+ (x,Z)^)-fc2)n+ = in Z)+, 

=0 in D-, 

= au~ on dD, 
{du + ivl^ • u)u^ = + iA^ ■ v)u^ + cn^ on dD, 



(7.1) 



(7.2) 



(a^-ifc)u+ = o(r-("-i)/2)^ 



as r 



oo. 



Following [39j, in order to study the solvability of the inhomogeneous transmission problem (7.1) 
we shall use the Lax-Phillips method, see [HI [22l [23], and to that end, we shall need the following 
assumption. 



(B) If {u^ ,u ) £ H^^^{D^) X H^{D) solves the homogeneous transmission problem (7.2) then 
{u+,u-) = OmD+ X D-. 

The following result shows that the assumption (B) is satisfied under some suitable conditions on the 
potentials and the transmission coefficients. Notice that these conditions are similar to those occurring 
in ^9j, when studying the homogeneous transmission problem for the Schrodinger operator without 
a magnetic potential. 

Proposition 7.1. Let A'^ be real-valued, Imq^ < in , a,b > on D, and ab is constant on each 
connected component of D. Then the assumption (B) is satisfied. 

Proof. Let (n^,u^) £ H^^^{D^) x H^{D) be a solution of the homogeneous transmission problem 
(7.2). Then using the second equation in (7.2) and the Green formula (2.4), we get 







abC^- q-u u dx 



D 



abk'^lu I'^dx 



D 



D 

+ i 



ab\Vu \^dx 



u^Vu ■V{ab)dx + i I A~ 

D JD 



(u Vn — u Vu )abdx 



(7.3) 



+ 



{A- ■V{ab))\u~\^dx+ / ((.4- 
D Jd 



k'^)ab\u \^dx 
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Let i? > be large so that 



supp (A+),supp (g+) C S/?,, DC Br. 



Here Br denotes the open ball, centered at the origin with radius R. Using the first equation in (7.2) 



and the Green formula (2.4), we have 



0=1 Ca+ q+u u+dx 

'Br\D 



k'^lu'^l'^dx 



Br\D 



+ i I _ • (n+Vu+ - ■u+Vn+)(ij; + _ 
'Br\D JBii\D 



Br\D 

{{A+f + q+ -k^)\u+\'^dx 



(7.4) 



Adding (7.3) and (7.4), using the assumptions of the proposition and the transmission conditions in 



(7.2), and taking the imaginary part, we obtain that 



^T^iduW^ ,u^)(H-i/2 H^/'^)(dBR) — / Img^ju^l^dx + / ablmq \u \^dx<0. (7.5) 
' Jbr\d Jd 

By the choice of the ball Br, we have that n"*" satisfies the equation {—A — k'^)u^ = in M" \ Br, and 
the Sommerfeld radiation condition. Then u"*" has the following asymptotic behavior. 



1 



gik\x\ 



X 

\x\ 



(7.6) 



as l^l — )• oo, see [a,^0]. Substituting (7.6) into (7.5), we get 

\a{e)\' 



Im 



\x\=R V 1^1" V 1^ 



1 



dSR 



(7.7) 



= Im^^ (^ik\a{9)\^ + o(J^^dSi<0, 
where dSR and dSi are the surface measures on the spheres \x\ = R and |x| = 1, respectively. Letting 

\a{e)\^dSi = 0, 



i? — )• oo in (7.7), we obtain that 



\x\=l 

and therefore, a{0) = 0. By Rellich's theorem, u+ = in M" \ Br, see [H]. As u"*" satisfies the first 



equation in (7.2) and is connected, by unique continuation, n"^ = in D^. The transmission 



conditions in (7.2) imply that u =0 and d,yU = on dD, and therefore, using the second equation 
in (7.2) and unique continuation, we get u~ = in D. The proof is complete. 

□ 

In the following result, we establish the existence of solutions to the transmission scattering problem 



(7.1) in the non-selfadjoint case. 



Proposition 7.2. Let k > 0, the assumption (B) be satisfied, and let a,b > on D. Then for any 
/+ e H-\D+) with compact support, f" £ R-^D-), go £ H^/^{dD), and gi £ H-^/^{dD), the 



inhomogeneous transmission problem (7.1) has a unique solution {u^,u ) G H^^^{D^) x H^[D). 
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Proof. Let i? > be large and 5 > i? so that supp (74"'"),supp (g+) C Br, D C Br, and supp (/"*") C 
Bs- Let z G C be such that Imz ^ and the following homogeneous transmission problem 



-+-0 in Bs\D, 
in D, 



= au~ on dD, 
{di, + lA^ ■ z/)u^ = b{di, + iA" ■ v)u^ + cn" 
-u"*' = on dBs, 



(7.8) 



on 



has only the trivial solution. The existence of such z follows from the fact that the transmission 



problem (7.8) has only the trivial solution if and only if the following transmission problem 



{CA+,q+-z)w+ = G in Bs\D, 

bCji- g-{a~^w^) — zba^^w^ = in D, 

= on dD, 
{du + iA^ ■ v)w^ = b{du + iA~ ■ i/){a~^w~) + ca~^w~ 

= on dBs, 



(7.9) 



on dD, 



has only the trivial solution. Furthermore, {w~^,w ) G H^{Bs \ D) x H^{D) solves the transmission 



problem (7.9) if and only if 



^eiw,v) '■= ^{u!,v) — z / w^v^dx — z / ba^w V dx = 0, 

Jbs\d Jd 



for any v £ Hq{Bs)- Here the sesquilinear form $ is given by (3.20) with replaced by Bs- It follows 
that the form $e : Hq{Bs) x Hq{Bs) — > C is bounded, and ( |3.22[ ) implies that for Rez < with \Rez\ 
large enough, 

Re$e(w, w) > c||t(;||^i(^g), c> 0, 

for all w e Hq{Bs)- Thus, the bounded linear operator B : Hq{Bs) — )• H~^{Bs), defined by 
{13w,v)fj-i(^^^^ fji(^^^^ = ^e{w,v) for w,v G Hq{Bs), has a bounded inverse for z G C such that 
Rez < and |Re2;| is large enough, see \27\ Lemma 2.32]. Hence, for such z, both transmission 
problems (7.8) and (7.9) have only the trivial solution, and therefore, there exists z G C with Imz ^ 



so that the homogeneous transmission problems (7.8) has only the trivial solution 



Let us fix a choice of such a z E C. Then the inhomogeneous transmission problem, 

{^A+,q+ — z)u'^ = in Bs \ D, 
i^A-,q- ~ z)u~ = h~ in D, 

= au~ +po on dD, 
{du + iA'^ ■ iy)u^ = b{du + iA~ ■ u)u^ + cu^ + pi on dD, 

= p on dBs, 



has a unique solution {u+,u-) G H^{Bs \ D) x H^{D) for any h+ G H~^{Bs \D), e H-^{D), 
Po e H^/^dD), pi G H-^/^{dD), and p £ H^/^{dBs). 
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When solving the inhomogeneous transmission problem (7.1), we can always assume that go = and 
gi = 0. Indeed, let U') £ H^{Bs \D)x H^{D) be the solution to the problem 

{CA+,q+-z)U+ = in Bs\D, 
{CA-,g- -z)U- =0 in D, 
U+ = aU~ + go on dD, 

{d^ + iA+ ■ u)U+ = b{d^ + iA^ ■ u)U- + cU- + gi on dD, 
[/+ = on dBs, 



and set 



U+, Bs\D, 



G H\R"'\D). 



[0, R^\Bs, 
If G HI^^{D^) X H^{D^) is a solution to the problem, 

(/:^+ + - A;>+ = /+ + 7+ in D+, 



k^)u- = f-+f- 
u'^ = au~ on dD, 



in D- 



(7.10) 



(9,^ + ij4+ • z/)u+ = + iA ■ i/)u + cu on dD, 

[dr — ik)u^ = o(r^^"^"^''/^), as r = \x\ — )■ oo, 



with /+ = — (>CA+,g+ ~ k'^)U^ and / = {h? — z)U , then + ,u + [/ ) solves the problem 
(fA\. Here /+ G H-^{Bs \ D). This follows from the fact that (£a+,<?+ - •z)^^^"*' e H-^{W \ D) 
and supp {{Cy^+^q+ — z)U^) C SS^, and therefore, (^3^+^^+ — zjC/"*" can be extended to an element of 
H ' 



(7.11) 



In what follows we shall assume that go = 5i = in (7.1). In order to show the existence of a 
solution of the problem (7.1), we shall use the Lax-Phillips method, see |14| |2^ . To that end let 
(f) £ C^iBs), < </> < 1, and = 1 in B^. Let h+ € H-^{Bs \D), h' € H'^{D), and let 
{w'^ ,w^) e H^{Bs \D) X H^{D) be the solution to the problem 

{^A+,q+ — z)w^ = in Bs \ D, 
{^A-,q- — z)w^ = in D, 
w'^ = aw~ on dD, 

{dy + iA'^ ■ i')w'^ = b{du + iA~ ■ v)w'' + cw~ 
= on dBs- 

Let V e Hl^^{D+) be the unique solution of the Dirichlet problem, 

(-A - k'^)v = /i+ in D+, 
V = on dD, 

{dr — ik)v = o{r^^"'^^^^'^), as r = \x\ 

see pTl Theorem 9.11]. 



on dD, 



(7.12) 



oo, 



We look for a solution to (7.1) in the form, 

li+ = (j)W^ + (1 



V, u 



w 



(7.13) 
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It is clear that ,u~), given by ( |7.13 ) , solves the transmission problem (7.1), if 

i^A+,g+ - k^){(t>w^ + (1 - (t>)v) = /i+ + (t){z - k^)w+ + [CA+,g+,4>]{w^ - v) 

= /+ in D+, 

[CA-^q- -k^)w- = h- + {z-k^)w- = r in . 
Thus, given {f+,D G ^-^^sV^) x5'-i(Z)), we would like to find G H-\Bs\D)xH-\D) 

ih+,h-) + T{h+,h-) = if+,f-), (7.14) 



such that 
where 



T : H-\Bs \ D) X H-\D) ^ H-\Bs \ D) x H-\D), 
T{h+,h-) = {(l){z-e)w+ + [j:A+,q+,(l)]{w^ -v),iz-k^)w-). 

Let us first check that the operator T is compact. Since {w~^,'w~) is the unique solution to the 
transmission problem (7.11), the estimate (3.10) implies that the map 

H-^{Bs\D) X H-^{D) H^{Bs\D) x H^{D), {h+,h-) ^ {w+,w-), 



is continuous. As v is the unique solution to (7.12), the map 

H'\Bs\D)^hUd+), h+^v, 
is continuous. Furthermore, the commutator is given by 

[CA+,q+ , </>] = -2V0 • V - A0 - 2iA • V0, 

and therefore, 

T : H~^{Bs\D) X H-^{D) L'^{Bs\D) x H'^{D) ^ H-\Bs\D) x H'^{D), 

which shows the compactness of the operator T. Here we have also used that the boundary of D is 
Lipschitz. 

Thus, the operator I + T is Fredholm of index zero and therefore, to show the existence of a solution 
of ( |7.14D , it suffices to check that (/+,/") = (0,0) implies that (/i+,/i") = (0,0). 

Assume now that (/"*", /~) = (0,0). Then the assumption (B) implies that 

+ (1 - 0)1- = in tM" = in D. 

Furthermore, we get 

+ (t){z-k^)w'^ + [Ca+ „+A]iw'' -v) = Q in L>+, /i" = in D. 



(7.15) 
(7.16) 



Let S = {x G ^5 : 
that /i+ = in S. 



1}. Then (7.15) implies that = in S, and therefore, it follows from (7.16) 



[v — w 



Consider now the set S*^ = {x G Bs : 7^ 1}. By (7.15), we have = in Br\D, and v ■ 
in D^. Using that supp (74~^),supp {q^) C Bji, we get 

{-A-z){v-w^) = {k^-z)(l){v-w'^) in \ ^• 

Furthermore, = on dBs U dD. As (/> = near dBs, ( 7.15| ) yields w = on dBs, and we know 
that f = on dD. Thus, we have 



Bs\D 



{k'^ — z)(f)\v — w'^l'^dx 



Bs\D 



{\V{v - ■u;+)p - z\v - w+\'^)dx. 



(7.17) 



Taking the imaginary part in (7.17), we get 



Bs\D 



l)\v-w'^\^dx = 0, 
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and therefore, v - 
that /i+ = in 



= in S^. It follows from (7.15) that = 
Hence, {h'^,h~) = (0,0). The proof is complete. 



in S"^, and thus, (7.16) yields 



□ 



Let k > and ^ G S" ^ := {(, G : |.^| = 1}. Consider the following scattering transmission problem, 

{j^A+,q+ - k^)u^ = in D+, 
{C^- g- - k^)u- = in D-, 
u"*" = au^ on dD, 

{du + lA^ ■ v)u'^ = b{dy + iA~ ■ v)u^ + cuT on dD^ 

{dr — ik)uQ = o(r^''"~"^''/^), as r = \x\ — )■ oo. 
We have the following consequence of Propositions |7.1| and |7.2[ 



(7.18) 



Corollary 7.3. Let G W^''^{D^,W), G L°°{D^,C) be such that Img± < in D^. Assume 
that and are compactly supported. Let a,b £ C^'^{D,R), c G C{D,'K), be such that a,b > in 
D and ab is constant on each connected component of D. Assume furthermore that is connected. 
Then the problem (7.18) has a unique solution (u^,n^) G H^^^{D^) x H^(D~). 

7.2. Inverse scattering problem. Proof of Theorem 1.2\ In order to prove Theorem 1.2 we shall 
follow closely the method of [15j. The key idea of [15] is to approximate solutions of the transmission 
problem on a large ball by scattering solutions. 

Let us start with this approximation result. Let A; > be fixed, D C M", n > 3, be a bounded open 
set with Lipschitz boundary such that W\D is connected. Let A+ G 1^^'°°(M", M"), q+ G L~(M'^,M) 
be compactly supported, and let A' G W^'°°{D,R'^), and q' G L°°{D,R). Let a,b e C'^^'^(D,R), and 
c G C{D,R), be such that a,b> on D, ab = l on D. 

Let B C M" be an open ball such that D CC B, supp (A'^),supp {q^) C B, the homogeneous 
transmission problem in B, 

k^)w+ ~ 

(7.19) 



{^A+,q+ - = in B\D, 

i^A- ,q' - k'^)w' = ^ in D, 

= aw^ on dD, 
{dy + iA'^ ■ i')w~^ = b{di, + iA~ ■ u)w~ + cw' 



on dD, 



with 



w 



on dB, 



has only the trivial solution, and furthermore, k"^ is not an eigenvalue of the Dirichlet Laplacian in B. 
We refer to Corollary 4.5 for the existence of such a ball. 

Setting 

W{B) := {w+ : {w+,w-) G H^{B\D) x H^{D) satisfies (Tw^)}, 

and 

{u 



[U'U 



G ^/oc(^" \ ^) X H^{D) solves with some ? S S""^}, 

we have the following Runge type approximation result. The proof of this result follows closely |15| 
Lemma 2.2]. 



Lemma 7.4. The space Wsc is dense in W{B) in the H^{B \ D) -topology. 
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Proof. By the Hahn-Banach theorem, we need to show that for any £ H {B\ D) such that 



)iB\D) 



0, 



for any n"*" S Wgc, we have 



(.f^^'^~^)(H''^,H^){B\D) ~ ^' 



(7.20) 
(7.21) 



for any € W{B). Consider the fohowing transmission problem, 

i^-A+,,+ -k^)^ = 7^ in R"\A 
{C_A-,g- - k^)v^ = in D, 
= b^^v^ on dD, 



(7.22) 



(du — iA~^ ■ i')v~^ = a ^{d^ — iA ■ v)v^ + ca on dD, 

(5^-iA;)^ = o(r^("-i)/2)^ 



as r 



oo. 



It follows from Proposition 7.2 that the problem (7.22) has a unique solution iv+,v-) G Hl^^(R'' \ 
D) X H^{D). 



(7.23) 



Let G Wsc- Then by the second Green formula (2.6), we get 

+ (9j.n+,?j+)(^_i/2_j^i/2)(g^) = ('"^>/^)(i^i,Hi)(B\D) 
- (u+, (d^ + iA+ • i^)v+)(^fji/2^H-^/2)(dD) + (^^'^!^^^)(/fi/2,//-i/2)(aB), 

and 

Adding ( |7.23 ) and (7.24), and using the transmission conditions in (7.18), (7.22), and (7.20), we get 

(a^M+, f +)(^-i/2^^i/2)(aB) - (^^^> ^!-^^)(Hi/2,/f-i/2)(SB) = {w^, f^){m,m){B\D) = 0- C^-^S) 

We shall next show that = outside the ball B. Indeed, and u^{x;^, k) = u^{x;^, k) — e^^^'^ 
satisfy the Helmholtz equation outside the ball B^ 



(7.24) 



-A - k^W 



in 



\B, 



-A - r)d 



in 



\B. 



(7.26) 



Let i? > be so large that B C -Br, where Bn is an open ball of radius R, centered at the origin. 
Multiplying the second equation in (7.26) by f+, and integrating over Bn \ B, we obtain that 

(■u^,(9,,i;+)(^i/2_^-i/2)(95) - {d„u^,v~^)^j^i/2 jj-i/2-)(^QB) 



(u^,(9,,t;+)(^i/2_^-i/2)(95^) - {duUo :V'^)(m/2^H-^/'2)(^BR)■ 



AsUq and f+ satisfy the Sommerfeld radiation condition and the Helmholtz equation outside B, cf. 
(7.26), they have the following asymptotic behaviors 



u, 



.Ux;C,k) = aie,c,k)-^^^+o 



j|(n+l)/2 y 



X 

\x\ 



v+{x) = b{9,k) 



ik\x\ 



+ 



1 



\x\{n+l)/2 /' 



(7.28) 



as |x| — >• oo, see [6l|30]. Substituting (7.28) into the right hand side of (7.27), we get 

(■Ug ,5;,U+)(^i/2^j^-l/2)(gB) - {dv-U^ ,V^)[m/-i^H-^/-^)(dB) 



I 0{\x\-'')dSR = 0{R-') [ dSi, 

J\x\=R J\x\=l 



(7.29) 
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where dSji and dSi are the surface measures on the spheres |x| = i? and |x| = 1, respectively. Letting 

(7.30) 



i? — >• oo in (7.29), we conclude that 



0. 



Substituting = e^^^'^ + Uq into (7.25), and using ( 7.30| ), we get 

(e^'^"-?, ^uV+)^^H^/2^H-^/2)^^B) - (5.e^*^"-«, f = 0. (7.31) 

Recalling that k"^ is not an eigenvalue of the Dirichlet Laplacian in let vq G H^{B) be the unique 
solution to the problem, 

(-A - k'^)vQ = in B, 

vq = f ^ on dB. 

As e^^^'^ also satisfies the Helmholtz equation, integrating over B, we have 

{dye^^'^'^,VQ)(^Hi/2H-i/2)^^QB) = (^^*''''^'^!^^o)(Hi/2,H-i/2)(aB)- (7.32) 
Combining (7.31) and (7.32), we obtain that 

(e*'=^-«, d,v+ - a,r;o)(Hi/2,if-i/2)(aB) = 0, (7.33) 

for all i G S"'i. 

Since k"^ is not a Dirichlet eigenvalue of the Laplacian in B, spanje^'^^'^las : ^ G S"~^} is dense in 
H^/^{dB), see [131 Lemma 3.2] and [12", Lemma 3.5.3]. Hence, it follows from (7.33) that 

dyV^ = dyVQ on dB. 

Let us define 

~ _ \vq in B, 

^ ~ \v+ in W\B. 

Then v G H^^^iMP') satisfies the Helmholtz equation, 

(-A-A:2)w = in M", 

as well as the Sommerfeld radiation condition. Hence, ?; = in M", see [6l [30], and therefore = Q 
in M" \ B. 



Now let G W{B). Arguing as in the derivation of (7.25) for {w~^,w ), satisfying (7.19), instead of 
(«"•" , n~ ) , we get 



{w^^f^){H\H^){B\D) = (^!-^^'^^)(/f-i/2,Hi/2)(9B) - (?y"^,9^W+)(Hi/2,H~i/2)(aB) 

which shows (7.21). The proof is complete. 



0. 



□ 



Let /c > be fixed and let C be an open ball such that Di, D2 CC B, supp (A^), supp (q^) C B, 
both homogeneous transmission problems in B, 

i^A+,q+ - k^)w+ = in B\D], 

{C^- - - k^)w- = in Dj, 

^^'"^ _ (7.34) 
= ajw on dDj, 

{di, + iA^ ■ i>)w~^ = hj{dy + iA~ ■ u)w~ + CjW~ on 9L>j, 

with 

w'^ = on 55, 

have only the trivial solutions, j = 1,2, and furthermore, fc^ is not an eigenvalue of the Dirichlet 
Laplacian in B. Using Lemma [7.4| together with Rellich's uniqueness theorem, we conclude, similarly 



to [15], that the sets of the Cauchy data for the transmission problems (7.34) in the ball B agree, 
CdB{A'^,q^.A^,q{,ai,hi,ci;Di) = CdB{A'^ , A^ ,a2,b2,C2; D2). 
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Applying now Theorem |1.1| to the transmission problems (7.34) in the ball B, we get the claim of 



Theorem 1.2 The proof of Theorem 1.2 is complete 



Appendix A. Unique continuation for elliptic second order operators from Lipschitz 

BOUNDARY 

The discussion in this section is essentially well-known and is presented here for the convenience of 
the reader, see also [2]. 

Let $7 C M", n > 2, be a bounded domain with Lipschitz boundary. Let 

n n 

P = d.j.^ttjkdxk+'^bjdxj + c in (A.l) 

j,k=l j=l 

where {ajk)i<j,k<n is a real symmetric matrix with ajk being Lipschitz continuous on fi, such that 

n 

ajk{x)ijik > for all x eU, ^ S M'', r? > 0, (A.2) 

j,k=i 

and bj,c £ L°°(0, C). Let u E H^{Q,) satisfy Pu = in and let v be the almost everywhere defined 
outer unit normal to dQ. Then the conormal derivative of u is defined by 

n 

j,k=i 

Proposition A.l. Let il. C M"", n > 2, be a bounded domain with Lipschitz boundary and let 7 C dO, 
be an open non-empty subset of the boundary ofCl. If u £ H^{Q) satisfies Pu = in Q, and is such 
that = Byu\^ = 0, then u = inVt. 

Proof. Let D Q be a bounded domain with Lipschitz boundary such that dVl \ 7 C and $7 \ is 
non-empty. Let us extend OjA;, bj and c to the whole of Q. so that the extension (ajk)i<j,k<n is a real 



symmetric matrix with ajk being Lipschitz continuous on VL and satisfying (A.2 ) on il, bj,c G L°°{Q., C). 
We shall denote by P the corresponding elliptic differential operator on defined as in ( A.l[ ). 

Let u G H^{Q) satisfy Pu = in with the Cauchy data ul-y = I3^u\-y = 0. Then we extend u by zero 
on and denote by u the extension. Since u\y = and 7 is Lipschitz, we conclude that u G H^{Q). 

Let us show that Pu = in i7 in the sense of distribution theory. Indeed, let ip G C^{Q). Then we 
have 



,. ^ n n s 

/ f - ^ ajkdxkUdx.'P + y^,(bjdx,u)ip + cuip j dx 

/ n n ^ 

[ - yZ ajkdxkUdx,(p + yZ{bjdx^u)(p + cuif]dx, 

■^^^ .a=i i=i ^ 



where if = ip\Q. Since the boundary of Cl is Lipschitz, we can integrate by parts and get 



iPu){^) = J^{Pu)ipdx - (Sz.'U,(/7)^-i/2(gf^)_^l/2(gf^) = 0. 

Here we have used the fact that Buu\^ = and (p\qq\^ = 0. 

As 5 G H^{Q,) satisfies Pu = in $7 and 5 = on $7 \ il, by the classical unique continuation result u 
vanishes identically on 17, see |10l Chapter 17]. The proof is complete. 

□ 
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Appendix B. Fundamental solution for a magnetic Schrodinger operator 
Let C M", n > 3, be a bounded domain. Consider a magnetic Schrodinger operator 

n 

CA,q{x, D) = ^{Dj + Aj{x)f + q{x) = -A - 2iA{x) • V - i(V • A{x)) + A{xf + q{x), 
i=i 

where A G M"), q G L°°(J7,M), and = -iV . Let be a fundamental solution of the 

operator CA,q-, i-e. 

/:A,g(a:;,-C'x)G'(x,y) = (5(x - y), 

It is shown in Theorem 17.1.1], |28l Theorem 19, VIII], [35], that there exists a fundamental 
solution G{x,y), which satisfies the following estimates, 

\G{x,y)\<C\x-y\^-\ 
|V,.G(x,y)| <C7|x-y|i-", C > 0, 

for all x,y £ Q. Furthermore, G{x, y) satisfies the following integral equation 

G{x, y) = Go{x, y)+ [ Go{x, z){2iA{z) ■ V,G(z, y) - q{z)G{z, y))dz. (B.2) 

JO. 

Here q = A^ — i^-A + q and Go{x, y) is a fundamental solution of —A, which is given by 



1 7r"/2 

Gnix.y) = — — , , — ^, T„ = 2— — (B.3) 

'^^ (n-2)T„|j;-y|"-2' " r(n/2)' ^ ' 

see [2_7i p. 247]. 

The following result describes more precisely the behavior of the fundamental solution y) of the 
magnetic Schrodinger operator as |x — y| — )• 0. 

Proposition B.l. Let A G M") and q G L'^{Q,R). Then 

O(log^), n = 3, 
C'(|x-y|3-'^), n>4. 



and 

V,(G(x,y)-Go(x,y)) = 0(|x-y|2-), n > 3, (B.5) 

as |x — y| — >• 0. 



In the case when A G C°°(il,M") and (7 G C°°(r2,M), Proposition B.l is well-known, see |27t Theorem 
6.3]. Since we did not find a reference for this result in the case when A G VF^'°°(fi,M") and q G 
L°°(il,M), we shall sketch the proof here. 



Proof. It foUows from ( |B.l[ ), ( |B.2| ), and ( |B.3| ) that 

|G(x,y)-Go(x,y)| <C / |x - z|2-"(2|A(z)||z - + |g(z)||z - 



f7 



where we use the fact that 1^; — y| < C for z,y £ 0,. Let X > be sufficiently large. Then 

\x - - < / + a; - yl^'^'dz := h+h+ h, 

J\z\<K 
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where 



h 
h 
h 



[ 

J\z\<^- 



zp-"|z + x-y|^-"d2, 



l-n. 



"'\z + X - "'dz 



\^<\z\<2\x-y\ 



zf-''\z + x-y\^-''dz. 



We have 



h < 



h < 



< 



\x - y\ 



\x - y\ 



\x - y\ 



l-n 



2-n 



2-n 



\z + X - y\^~^dz 



'-<\z\<2\x-y\ 



uj\'-'^duj < 0{\x-y 



3— n\ 



\ui\<Z\x-y\ 



and 



Is < 2"-^ / < C I r'-'^dr 

J2\x-y\<\z\<K J2\x-y\<r<K 



n = 3, 



Odx-yl^-"), n>4. 



Thus, (B.4) follows. The estimate (B.5) can be proved in a similar way. The proof is complete. 



□ 



Appendix C. Auxiliary estimates for some integrals 

The purpose of this appendix is to provide a brief discussion of asymptotic bounds of some volume 
and surface integrals, required in the main text. We shall follow the methods of |141 pp. 131-133] and 
|331 Chapter 5], and the following discussion is mainly for the completeness and convenience of the 
reader. 

Let C M", n > 3, be a bounded domain with Lipschitz boundary, and let xq G 517. We may 
assume that there is the unit outer normal v{xq) at the point xq to dVl. We may choose coordinates 
X = {x' , Xn) isometric to the standard ones so that xq = and for some vq > 0, we have 

nnB{0,ro) = {x£ 5(0, ro) : x„ > (pix'),x' £ U}, 

dn n B{0, ro) = {x G B{0, ro) : x„ = ip{x'),x' G U}, 

where tp : M" — )• M is a Lipschitz function and U C M"^^ is an open neighborhood of 0. Furthermore, 

(V,.v?(0),-1) 



z^(0) - , , 

and we assume as we may that i/(0) = —Cn = — (0, . . . , 0, 1). 

Let < e < 1 and y G M". Then we define the cones 

X -y 



(C.l) 



Cs{y) = X G 



C-(y)= XGM": 



\x - y\ 
x-y 
k - y\ 



<-(l-e) 
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Since dil. is Lipschitz, there is Eq > small such that 

CeoiO) n B{0, ro) C n and C~{0) n B{0, vq) C \ H. 

We define 

xs = xo + 5i^{xo) = -Sen, 
for 5 > small parameter such that there is a constant c = c(eo) > small fixed so that 

B{xs,c6) cR'^\Ti. (C.2) 

Furthermore, it is easy to see that there is ei = ei(eo) > small and C = C(eo) > large enough 
fixed so that 

Ce,{xs) n {x G M" : |x - xs\ > C6} C Ceo(O). 

We define the set 

Es = Ce,{xs) n{x £W :C6 <\x- xs\ < ro} C Q. (C.3) 
Proposition C.l. Let k > 0. Then we have, as 5 — )• 0, 



dx 



n\x- xs\ 



< < 



C, 



k < n, 



Clog^, k = n, C>0, 
CS"^-^, k>n, 



and 



dx 



> < 



k < n, 



1 
C 

^logi, k = n, C>0. 
k>n, 



(C.4) 



(C.5) 



k c 



Proof. It follows from (C.2) that for any x ^ ft, \x — xs\ > cS. Let i? > be independent of 5 such 

dx 



that Q, C B{xs,R). Then we get 

dx 



< 



Q \X — Xs\ JcS<\x-xs\<R \^ ~ 



R 



cS 



which shows (C.4). 



Using (C.3) and polar coordinates x — xs = roj, r > 0, a; G S" , dx = r"^ drdu), we obtain that 



dx 



> 

Q,\x- xs\'^ Jes \x - x& 



dx 



ro 
CS 



duj = C I r'^-^-^dr, 



which proves (C.5). 



□ 



We shall also need the following estimate, when n = 3, 



log -dx < C, 

Q \x — xs\ \x — xg\ 



as (5 — )- 0. 



As a consequence of the estimates (B.l) and (C.4), we obtain the following result. 
Corollary C.2. We have, as 6 ^ 0, 



\\G{;xs)\\mn) < { 



C, n = 3, 

/ \ 1/2 

CMogij , n = 4, 

C(52-"/2, n > 5, 



(C.6) 



(C.7) 
(C.8) 
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Thus, 

\\G{;xs)\\HHn)<C6'-'^^^ 
Proposition C.3. Let k > 0. Then we have, as 5 ^ 0, 

' C, k <n-l, 



dS 
dn \x - xsl 



< < 



C71og|, k = n-l, C>0, 
C75"-l-^ k>n-l, 



and 



L 



dS 



( I 

c 



> < 



k < n — 1, 



^logl, k = n-l, C>0. 
^(5"-^-'=, k>n-l. 



(C.9) 



(C.IO) 



(C.ll) 



k c 



Proof. First recall that for x G di^nB{0, tq), we get x„ = ^{x'), x' £ U, and if{0) = 0. As i/(0) = —Cn, 
it follows from (C.l) that Vip{0) = 0, and therefore, 

inn ^4^=0. 

\x'\ 

Thus, without loss of generality, we may assume that rg > is so small that 



\f{x')\ < ^\x'\, 



(C.12) 



for any x' £ U. 
We write 



r ds ^ r 

Jdn\x-xs\'' Joi 



dS 



+ 



dS 



Ion \x - xs\ JdnnB(o,ro) F ~ Jdn\dnnB{o,ro) F ~ 

where the second integral is bounded as 5 — )• 0. For the first integral, we have 



dS 



V^l + \V(pix')\^dx' 



< C 



dx' 



lannBiO,ro) \X-XS\>' Ju {\xT + (^(x') + 5)2)^/2 - Ju (|X'|2 + <52)A:/2 ' 

Here we have used the fact that 

|xf + Mx') + 5)2>i(|xf + 52), 



which follows from (C.12). Let B{0,R) C M" ^ be a ball of radius R, centered at 0, such that 
U C -6(0, R). Using the polar coordinates r = \x'\, we get 



dx' 



< C 



Setting a = r"-i and using the fact that a'^/i'^-'^) + J2 > C''^[a + 5"-i)2/{'^-i), we obtain that 



Ii<C 



da 



< C 



da 



Thus, (C.IO) follows. 



In order to show (C.ll), we get 

dS 



> 



dS _ f ^1 + |Vv3(x')|2dx' 



> 



Here we have used the fact that 



dQ\x-xsr JdnnB{o,ro)\x- xsl'' Ju {\x'\^ + {(p{x') + S)^)''/'^ 

dx' 



1 



C Jjj (|a;'|2+,52)fe/2 



x'|2 + (^(x') + (5)^ < 2(|x'|2 + 52^ 
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which is a consequence of (C.12). As above, using the polar coordinates r = we get 

f dx' ^ /"^i r"-2dr 



(|a;/|2 + ^2)fc/2 - (r2 + 52)fe/2' 
Setting a = r'^"^ and using the fact that cj2/("-i) + 5^ < C{a + (5"-i)2/("-i), we conclude that 



h > 



1 r^i' 



da 



> 



1 r^T 



C Jo (cj2/(n-l) + ^2)fc/2 - C Jo (^j + 5n-l)fc/(n-l) 



which shows (C.ll). The proof is complete. 



As a consequence of (B.l) and (C.IO), we get the following result. 



Corollary C.4. We have 

\\Gi;y)\\man)<< 



1/2 



n = 3, 



as (5-^0. 



C<5(3-")/2, n > 4, 



We shall also need the following estimate, when n = 3, 

1 , 1 



log - — - — -dS <C, as (5^0. 
an \x - xs\ \x - xs\ 
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